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Abstract 

We consider the percolation problem in the high-temperature Ising 
model on the two-dimensional square lattice at/near critical external 
fields. We show that all scaling relations, except a single hyperscaling 
relation, hold under the power law assumptions for the one-arm path 
and four-arm paths. 
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1 Introduction 

Consider the T? lattice and the sample space ^ = {-1,+1}2 of spin con- 
figurations on Z^. Given a sample cu E fl and x e Z^, (jj{x) denotes the spin 
value at x in the configuration u. For any set F C Z^, denote by J'y the 
(7-algebra generated by {uj{x) : x e V}, and we simply write T for J^z^- Let 
|x| and |a;|oo denote the £^-norm and the ^°°-norm of x e Z^, respectively: 



^1 + \x'^\ and |a:|oo := maxda;"*"!, \x'^\} for x = {x^,x'^) G Z^ 



For any finite V, we define the Hamiltonian for a configuration a e ily = 
{-1,+1}^ by 

a:,yeV',|x-j/|=l aieV ^ y^V, |a;-(/| = l / 

where h is a real number called the external field. We then define the finite 
Gibbs measure on by 



Qv,T,hi^) 



exp{-{^T)-'H^Ja)}. 



Here T is a positive number called the temperature, and ^ is the Boltzmann 
constant. For each T > and /i G R^, a Gibbs measure is a probability 
measure iiT,h on ft in the sense of the following DLR equation: 

I^T,h{ ■ I J^v-){<^) = qv,T,hi • ) /^T,fe-almost every 

where V^^Z'^\ V. Let be the critical value such that ii T > or h 0, 
the Gibbs measure is unique for (T, h). 

For two vertices x and y of Z^, we say they are adjacent if 

\x-y\^ 1. 

Moreover, we say they are (*)-adjacent if 

\x - y\oo = 1- 

In words, for each vertex, its adjacent vertices are its four vertical and hori- 
zontal neighbors, while its (*)-adjacent vertices are its four vertical and hor- 
izontal neighbors together with the other four diagonal neighbors. A path 
[(*)-path] 

7 = {xi,X2, ...,Xs} 
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is a sequence of vertices such that and Xj are adjacent [(*)-adjacent]. A 
path is called a (+)-path in if the spin value is + for every point of this path. 
Similarly, an (*)-path is called a (— *)-path in if the spin value is — for every 
point of this path. A (+)-cluster [(— *)-cluster] is the set of vertices connected 
by (+)-paths [(— *)-paths]. Let be the (+)-cluster that contains u. In 
particular, let Let Cq be the (+)-cluster that contains the origin. For T > 0, 
we define hc{T) by 

h,{T) = mf{h : /iT,h(#C+ = oo) > 0}. 

It follows from our definition that there exists an infinite (+)-cluster with 
probability one when h > hc{T). In this case, percolation occurs. It has 
been proved that (see [8]) that if T < Tc, then 

hciT) = 0. 

On the other hand, if T > T^, then 

(1.1) KiT) > 0. 

In this paper, we would like to focus on the high-temperature case. 

The most interesting problem in statistical physics is to understand the 
behaviors of various quantities in percolation when h is near hciT). Indeed, 
it is widely believed (see e.g. Grimmett p]) that the critical exponents of 
various quantities in percolation behave like power laws oi \h — hc{T)\ as h 
approaches hc(T). To express these conjectures precisely, we would like to 
define a few quantities. Let 

B{r,R) = [-R,Rr\i-r,rY. 

We first define the probability of fc-arm paths in B (r, R) . For ki > k2 with 
ki + k2 = k, let B{ki, k2,r, R) be the event that there exist ki disjoint (+)- 
paths from d[—r, r]^ to d[—R, i?]^, and there exist ^2 disjoint (— *)-paths from 
9[— r, r]^ to d[—R,RY, and all (— *)-paths are separated by (+)-paths. 

In addition to these fc-arm paths in B[r, R), we may also consider k-aim 
paths in the half space. Let 

B+{r,R) = [0,R] X [-R,R] \ (0,r) x (-r,r). 

For ki > k2 with ki + k2 = k, let {ki, k2,r, R) be the event that there 
exist ki disjoint (-l-)-paths from c}[— r, r]^ to 9[— i?, i?]^, and there exist /c2 
disjoint (— *)-paths from (9[— r, r]^ to (9[— i?, i?]^, all paths stay in the half 
space (0, oo) x (— oo, oo), and all (— *)-paths are separated by (+)-paths. 
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With these definitions, it is beheved (see e.g. [2]) that 

/ r \ 5/48 

/iT,MT)(i3(l,0,r,i?))x (^-j , 

(1.2) f,TMT)i>3ih,k2,r,R)) ^ (^^Y ^'^^'^ ioT k^ + k2 = k>2, 

where f{n) x g[n) means that Cig{n) < f{n) < C2g{n). For A;- arm paths in 
the half space, it is also believed that 

(1.3) /iT,MT)(^"'(^i,fc2,r,i?)) X (^-j ioik^ + k2 = k. 

The conjectures (11. 2p and (II. 3p have been proved for the independent per- 
colation model, T = oo, in the triangular lattice (see Smirnov- Werner [14]). 
In addition, for fci = 3 and ^2 = 2, the conjecture of (II. 2p was proved to 
be true (see Kesten-Sidoravicius-Zhang [12]) for all two-dimensional periodic 
lattice. For ki = 1 and = 1? or = 2 and ^2 = 1 the conjecture of (II. 3p 
is also true (Zhang [16]) for all two-dimensional periodic lattice. In fact, the 
conjecture of (1.2) for ki = 1 and ^2 = (one-arm path) and ki = 2 and 
/c2 = 2 (four-arm paths) play the most important roles. Kesten [llj showed 
that if one-arm and four-arm conjectures in (11.21) hold, then almost all critical 
exponents exist and satisfies the scaling relations (see the definitions below) 
for the independent percolation model. More precisely, it is believed that 



/iT,MT)(S(l,0,l,/2))x (^i^ 



and 

/ir,MT)(^(2,2,l,i?)) . - ^ ^ 
for some constants 5^ and v. The simulations indicate that 

5r = 48/5 and u = 4/3. 
We next want to introduce more critical exponents for a given T > T^. 

• Percolation probability: 

^W=/^r,^(#Co+ = oo). 

• Average number of clusters per site: 

oo 

'^(^) = E -^'TA*c^ = n) = ^^T,HUCt)-' #c+ > o]. 

n=l 
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Mean cluster size: 

x(/^) = /iT,/.[#C+:#C+<oo]. 

Correlation length: 



m 



min{n : fiT,h{A^ {n, n)) > 1 — e} ii h > hc{T), 
min{n : fiT,hiA^ {n, n)) < e} if h < hc{T), 



where A'^{n,n) := {there exists a horizontal (+)-crossing of [— n, n]^}. 

With these definitions, it is widely beheved (see e.g. Grimmett [Sj) that 
the following power laws hold with the exponents: 



\h- 






\h- 


hc{T)\-'- 


a 




hc{T)r 


for h > hciT) 


\h- 


hc{T)\-\ 




\h- 


K{T)\-^' 


= for k>l. 



/iT.h[(#C+)^ : #C+ < oo] 
/^T,4(#C+)^-i : #C+ < oo] 

In addition to the power laws, it is also believed that the exponents satisfy 
the following scaling relations for low enough d. 

a = 2 — du, 
dv 



5 + r 

At = dv- for k> \. 

5 + 1 

,5-1 
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2 Preliminaries 



The aim of this paper is to estabhsh scahng relations for the Ising percola- 
tion in two dimensions, parallel to the ones obtained in [11] for independent 
percolation. We know that the critical value of the external field hc{T) is 
positive if T > T^, and hereafter we fix such a T. Since we are looking at 
the behaviors of quantities like percolation probability as the external field h 
approaches to hc{T), we may assume that h is near hc{T). Further, we need 
several /i-independent estimates later to obtain desired relations, but often 
such estimates do not hold for all h's. Therefore we have to restrict the range 
of /I's at the very beginning, and throughout this paper we assume that the 
value h of the external field of our model satisfies 

(2.1) 0<h< 2h^{T). 
In this section, we summarize known results. 

2.1 Mixing property 

For Vi, V2 C 7?, (i(Vi,V2) denotes the £"'^-distance between Vi and V2; that 
is, 

d{V,, V2) = inf{|x -y\:xeV,,ye V^]. 
We also use the £°°-distance 

doo{VuV2) = inf{|x -yloo ■.xeVi,ye V2}. 

The following is a refinement of Theorem 2 (ii) of [7], which can be ob- 
tained without changing the proof given in [7]. 

Theorem 2.1. Let ^ C A be finite subsets of Z^, T > and h>0. Let i 
be a positive integer. Assume that A G J-y and Ui,uj2 satisfy 

UJi{x) = UJ2{x) = +1 

for every x G dA with d{x, V) < i. Then there exist constants C > and 
a > such that 

ICt,.(^)-Ct,.(^)I<cE E 

xeV y(^dA,d{y,V)>C 

In particular, for every pair of finite subsets V and W of with V C W, 

(2.2) sup \fiT,hiA) - fiT,h{^\J^W'^){^^)\ 
< C\V\d{V, W) exp{-ad{V, W')}. 
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Sometimes we use the mixing property f l2.2p in the following form: if 
Vi, V2 C T? are finite sets, Vi fl V2 = and A, B are cylinder sets such that 
A G J^Vi and B G J-'va, then 

(2.3) |/iT,h(A n 5) - /iT,h(A)/iT,/.(5) I 

< C\V^\diV,, V2) exp{-adiV,, V2)}^iT,kiB)- 

2.2 Gibbs measures with periodic boundary condition 

As in [H], we will have to take derivative in h of /iT,/i-probability of some 
event in a finite box. However, this will cause a new problem, since fiT,h itself 
is a limit of finite Gibbs measures. Here we use the fact that fiT,h is a limit 
of Gibbs measures fi^f^ on S{N) with the periodic boundary condition, i.e., 
we identify the left side of S{N) with the right side of it, and the top side 
with the bottom side. 

If 2n < N, then for any A G J^s{n), by (12.21) . we have 

(2.4) |/i^,^(A) - fiT,hiA)\ < sup |g^(2„),T,h(^) - f^TAA)\ 
Also, fixing an h ^ (0,2/ic(T)), we introduce h{t) as 



(2.5) h{t) 



K{T)+t{h~K{T)), iih>K{T), 
h + t{K{T) - h), iih<K{T), 



and as 

(2.6) /xf = 

for t G [0, 1]. We will have to investigate —nf {A) for events in S{n) with 
2n < N. 



2.3 Correlation length and crossing probabilities 

The definition of the correlation length L{h) depends on the choice of thresh- 
old e. So, to emphasize the dependence on e, we write L{h, e) for the correla- 
tion length throughout the paper. A path [resp. A (*)-path] is a sequence of 
points xi,X2, . . . ,Xs in such that \xi — Xi-i\ = 1 [resp. |xi — Xj_i|oo = 1] for 
every i < s. If every spin value on a given path 7 is then we call this 7 a 
(+)-path. (— )-paths, (+*)-paths, (— *)-paths are defined similarly. A circuit 
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is a sequence of points 7 = {xi, 0:2, ... , Xg} such that 7 is a path except that 
Xg and Xi satisfy la;^ — Xi\ = l. Similarly, we define a (*)-circuit by replacing 
"path" with "(*)-path", and | • | with | • loo- A circuit 7 is called a (+)-circuit 
in the configuration u if u{x) = +1 for every x G 7. A (— *)-circuit is defined 
in the same way. Let 

A^{n,m) := {there exists a horizontal (+)-crossing of [— n, n] x [— m, m]}, 

where a horizontal (+)-crossing of a rectangle is a (+)-path connecting the 
left and the right sides of that rectangle. We define A~*{n,m) in the same 
way. 

Further, for n > 1, let S{n) denote the square [— n, n]^. We use the 
notation S{x, n) for the shifted square S{n) + x. We are also interested in 
the event that there is a (+)- or (— *)-path in S{n) which connects the origin 
with the inner boundary 



Let A, B, V be subsets of Z^, such that An B = (ll, AU B C V . Then let 
{A^B in V} 



li V = Z^, then we simply write it {A ^ B}. We also use the notation 
{O A dinS{n)} for {O 4^ dinS{n) in V} if S{n) C V. Events ^ in V} 
and {O ^ dinS{n)} are defined similarly. 

Lemma 2.2 (an ACCFR-type rescaling lemma). Let A = 1/64, and < ^ < 
1. We put no to be the integer such that 

(2.7) max{l, C}(3n)^e-°" < for every n > rio, 

where C and a are constants appearing in the mixing properties (12.21) and 
(12.31) . Then for any L > tt-q, if we have 



dinS{n) = {x G S{n) : \x 



00 



n}. 




there exists a (+)-path in V connecting 
some point x G A with some point y E B 



f^T^A-^i^m)) >i-\9, 



then we have for every A; > 1, 



The same statement holds for (— *)-connection, too. 
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Proof. We use a rescaling argument in pQ. Assume that the inequahty holds 
for k] 

/iT,h(A+(3'+'L,3'=L)) > 1 - Xe^\ 
By the mixing property and the translation-invariance, we have 

(there exists a horizontal (+)-crossing of \ 
[-3^+2^, 3^+2L] X -3''L], or there exists 

a horizontal (+)-crossing of [-3''+'^L, 3''+'^L] x [3^L, 3'^+^^] / 

> 1 - {1 - i2T,h{A^i3''+^L, 3^L)) + C(4 • 3'=+='L ■ 3'=L) x 2 ■ 3'^Le-"'-^'^}' 

= 1 _ |1 _ ^^ ^A+(3'^+2^, 3^1,)) + 8C3=^'=+2lV°2-3''^}'. 

By the FKG inequality it is easy to see that 

fiT,h{A+{3''-'L,3'L)) > f,T,h{A+{3'+'L,3'L)y 

Thus we have 

/iT,/.(A+(3'=+2L,3'=+^L)) > 1 - (7A^2'= ^8^33fc+2^3g-2a3'=L)2_ 

Now we go back to the case where k = 0. By the above calculation, and 
then from (K7\\ . 

fiT,h{A+{3^L, 3L)) > 1 - {7X6 + 8C3^L^e-^"^f 

> 1 - {8xey 
= 1 - xe', 

since A = 1/64. 
In general, if 

max{l, C}8 ■ 33fc+2^3g-2a3'=L < ^g2^ ^ 

then 

max{l,C}8 • 33(fc+l)+2^3g-2a3'=+lL < ^q2>^ . ^3^-a,.3''L < ;^^2'= . ^2'= ^ ;^^2'=+l^ 

and 

/iT,;.(A+(3'=+2^,3'=+iL)) > 1 - (8A^2'=)2 > ^ _ 64A2^2'=+i > ^ _ ^q2'^+^ _ 

□ 
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The RSW-type theorem (Lemmas 2.4-2.6 in ^) ensures that the follow- 
ing statements are true. 

1. For every e > 0, there exists an integer hi = hi{T,e) such that if for 
some n > hi, 

(2.8) fiT,h{A+{m,m)) >e 

for every 1 < m < n, then for every integer k there exists a constant 
= Sk{£) such that 

(2.9) f^T,h{A^{kn,n)) >5k 

for the same n. The same statement holds true for (— *)-connection, 
too. 

2. If there exists a constant t] > and an integer h2 > 1 such that for 
every n > h2 

(2.10) iiT,h{A'^in,n)) >7] or fiT,h{A-*{n,n)) > r] 

holds, then for every e > 0, there exists an integer h^ = h^{T, e, rf) > h2 
such that if 

(2.11) fXT,h{A^{n,n)) >l-e, 
for some n > hs, then 

(2.12) ^iT,h{A+{3n,n)) > (1 - e)\l - ^)'' . 

If (12. lip holds for (— *)-connection for some n > h^, then so does f l2.12p 
for (—*) -connection for the same n, too. 

The following lemma states the above result and we present a proof here 
for the sake of completeness. 

Lemma 2.3. (i) Let fi = HT,h or fif^ for < t < 1. For every e > 0, there is 
an n* = nl{e) > 1, and also there are positive numbers {Sk{£) '■ k G N} such 
that if 

(2.13) ^l{A+{n,n))>e, and /x(A+(f , f )) > 
for some n> n\, then we have 

(2.14) ^i{A+{kn,n))>6k{e) 
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for the same ra, and for every N > kn if fi = fi^ . Moreover for k > 2, 
4+i(£^) > ■ {£S2{£)), therefore we have Sk+i{e) > 62(6) ■ {e62{e))''''^ . 
(ii) There exists an £0 > and an rii = ni{eo) > max{no, n^(£o)} such that 
the following statement holds. Let M be an integer satisfying 

p-^^' > .og(i'i(;)V2) - 

and take a large m > rii such that m > 2 ■ 4^^"'"-'^(logm)^. Assume that the 
inequality (12.131) holds for /i = fiT,h,£ = and for every n with tiKeq) < 
n < m, and that 

(2.16) fiT,h{A+{m,m)) >l-eo. 

Then we have 

/iT,/.(A+(3m,m)) > 1 - A^, 



where A and 9 are the constants given in Lemma [2.21 The same statements 
hold for (— *)-connection, too. 

Proof. We only prove the above statements for (+)-connection. The proof 
goes parallel for (— *)-connection, too. 

1°) About the first statement: Let i be the segment connecting {—n, [^J) 
with [n, [^J), where \u\ is the largest integer not more than u. We divide 
i into three segments by = (-[y^J, [^J) and = ([^J, [^J), and call 
by ii the segment connecting (— n, [^\) with ql, ^2 the segment connecting 
ai with Or, and by £3 the segment connecting with (n, [^J). Let R{uj) 
denote the lowest horizontal (+)-crossing of S{n), and let the event E be the 
subset of A~^{n,n) given by 



E 



there is a point x & £2 such that x is 
below the lowest (+)-crossing R{u) of S{n) 



Either fi{E) > e/2 or fi{A+{n,n) \ E) > e/2. 

Assume first the latter {A+{n,n) \E) > e/2. Define also the 
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following events: 

f there exists a horizontal (+)-crossing of S{n) 
below the segment £ 

there exists a (+)-path in S'(n) below 
Fi = { which connects ii with the segment 
{in,j):-n< j < f} 

there exists a (+)-path in S'(n) below I 
connecting £i with £3 

there exists a (+)-path in S{n) below 
which connects £3 with the segment 
{i-n,j):-n< j < f } 

Then, it is easy to see that (^A~^{n,n) \ E) C Uo<i<3-Fj. Since Fi,0 < i < 3 
are increasing, by the FKG inequality, we have 

(2.17) fi{Fi) > 1 - ^1 - e/2 

for some < i < 3. If fl2.17p holds for z = 0, we have already 



/i(A+(n, t)) >i-yr^i72, 

and by the FKG inequality we have 

(2.18) /i(A+(if,n))>(l-yW2)'. 

If (12.171) is true for i = 1 or 3, then by the symmetry of /i with respect to 
the line {x^ = -[^J} or the line {x^ = [^J}, and by the FKG inequality 
we have 

(2.19) /i(A+(if,n))>(l-yW2)l 

Also, if f l2.17p is true for i = 2, then by the symmetry of fi with respect to 
the line {x^ = — L^J} and the line {x^ = [^J}, and by the FKG inequality 
we have 



(2.20) /i(A+(if,n))>(l-yW2) . 
Combining (l^TTjl - d^:^ . we have 

(2.21) /i(A+(i^,r^))>(l-yW2)^ 

Finally assume that yu(-E) > b/2. Let i? be a horizontal crossing of S{n) 
such that there exists a point x E £2 below R. Take arbitrarily a point x* E £2 
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which hes below R. Let S{x* , [^J) be the square centered at x* with radius 
[^J, i.e., its side length is 2[^J. Then consider the conditional probability 



(2.22) 



/ there exists a (+)-path in S{x*, \Jf\) 
y connecting its top side with R 



R{u) = R 



For simplicity let us write G for the event in the above conditional probability. 
Since G depends on the configurations in the region on and above R, by the 
Markov property of fi and by the FKG inequality, the above conditional 
probability is not less than 

(2.23) q^~T,h (G I oo{x) = +1, x e R) , 
where V is given by 

V=[-'f,n]x [-n,f], 

and u~{x) = — 1 for every x G Z^. Then again by the FKG inequality the 
above conditional probability is not less than 

fi{G I uj{x) = -1, X G dV). 

Now, G is the event in S{x*, [^J) whose distance from dV is not less than 
|. Therefore by the mixing property, we have 

(2.24) i2{G I uj{x) = -1, X G dV) > fi{G) - Cn=^e-"t. 

We also note that by the symmetry of /i with respect to the line {x^ = [^J } 
and by the FKG inequahty 

/ there is a horizontal (+)-crossing > ]^ 

^ \^ 5'(a;*, ^) passing below X* J ~ 

Therefore by the FKG inequality and the rotation symmetry we have 

/i(G)> (i-v^r^', 

since R passes above x*. Therefore if we take nl = nl{e) sufficiently large so 
that 

(2.25) Cn^e-"t < ^/T^{l - v^r^)^ for n > nt, 
from f l2.24p we have 



/i(G I uj{x) = -1, xe dV) > (1 - VT^y 
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This implies that the conditional probability in f l2.22p is not less than (1 — 
y/1 — e)^. First multiplying this inequality by fi{R{u) = R) and then sum- 
ming up the resulting inequality over R's, we have 

there is a horizontal (+)-crossing of S{n) 
/i j which is (+)-connected to the line | > -(l — — e) . 



{a;2 = [^J} in [-n,n] x [-n, [f 



Finally, by the FKG inequality and the rotation invariance of /x, this implies 
that 

(2.26) /z(A+(l^,n))>f(l-v^r^)'. 
Combining ( HTIT^ with (ESHD, we obtain 

/.(A+(iJ^,n)) > min {4(1 - VT^)\ (l - ^1^^'} • 

The rest of the proof of the first statement of the lemma is obvious. 

2°) About the second statement: By (12.161) and the FKG inequality we have 

/ there is a horizontal (+)-crossing of S(m) \ ^ ^ . — 
' \^ passmg below the origm J ^ 

But we have to take care of the mixing property. So, let V = [—m, m — 
(logm)^] X [—m,m] and let R'{u) denotes the lowest horizontal (+)-crossing 
of v. As above, we have 

f there is a horizontal (+)-crossing of V \ ^ ^ , — 

(2.27) Mt/i • 1 1 \i • • > 1 - ve^- 

' \^ passmg below the origm J ^ 

Let R' be a horizontal crossing of V passing below the origin, and let R" 
be its reflection with respect to the line {x^ = m}. If we write the right 
endpoint of R' by Bl, then Br = bL + (2(logm)2, 0) is the left endpoint of R". 
Let ^ be the line segment connecting 6^ with bn, and we write R* for the path 
i?'U^Ui?" which connects the left and the right sides of [—m, 3m] x [— m, m]. 
Then we look at the region B in S{{m, 0), m) above R* and outside the square 
S{bL + ((logm)2, 0), 2(logm)2). Let H be the event defined by 



H 



there is a (+)-path in G connecting 
the top side of S{{m, 0), m) with d^Q 



where d~^Q denotes the left half of the lower boundary of O. Namely, it starts 
from the last intersection with the left side of S{{m, 0), m) and R', and then 
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it goes along dQ until it reaches the middle point + ((logm)^, 2(logm)^) 
in the lower side of O. Let 1 < j < M and let r(j) = 2 ■ 4-'(logm)^. Then 
consider the annulus 

A{j) = bL + ((logm)2,0) + [-r(j),r(j)]' \ [-3r(j - l),3r(j - l)]^. 

Then O fl A{j) is divided into some connected components. Among them 
there is a component connecting R' with R", which we call by the main 
component of fl A{j). The boundary of the main component consists of 
two paths belonging to opposite boundaries of A{j), a path belonging to R', 
and a path belonging to R". Let Kj be the event defined by 

in the main component of fl A{j), there is a (+)-path 1 
in this component such that it connects R' with R" J ' 

Then Kj is an event occurring in G, and by the FKG inequality and the 
Markov property of fJ,T,h, we have 



(2.28) fXT,h(Hn [j K, 



R'(uj) = R! 



> fiT,h [Hn U K.J 

l<J<Af 



UJ[X] 



uj{x) = +1, X G R' 
-1, a; G Li U L2 U L3 U L4 



where Lj, i = 1, 2, 3, 4 are line segments defined below. 

Li = the segment connecting the left endpoint of R' with (— m, —m — (logm)^), 
L2 = the segment connecting (— m, —m — (logm)^) with (m, —m — (logm)^), 
L3 = the segment connecting (m, — m — (logm)^) with hi + ((logm)^, 0), 
L4 = the segment connecting bi with bL + ((logm)^, 0). 

Again, by the FKG inequality, the above conditional probability is not less 
than 



(2.29) 



[Hn U K 

V i<i<A/ 



u{x) = -1, a; G Li U L2 U L3 U L4 



Since the distance between and Li U L2 U L3 U L4 is not less than (log m)^, 
by the mixing property 02.31) we have 



(2.30) 



fiT,hlHn \J K 

>fiT,h [Hn \J kA -4Cm=^(log 



1, X G Li U L2 U L3 U L4 
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Also, since A{j) surrounds the box S{bL + ((logm)^, 0), 2(logm)^), if HnKj 
occurs for some j, then there exists a (+)-path in S{{m,0),m) connecting 
the top side of S{{m,0),m) with R'. By the FKG inequahty 

(2.31) f^T,h(Hn [j KA>iXT,hiH)iXT,hl U kA. 

V l<j<M / \l<i<A/ / 

By the symmetry of fiT,h with respect to the reflection and invariance under 
rotations by right angles, from f l2.16p we have 

I^T,hiH) > 1 - ^/e^. 

Also, by the FKG inequality it is easy to see that 

By the mixing property, for any event E occurring on Ui<j<j_iA(i), 

fiT,hiK, I E) > -8Cm2(logm)2e-2"(i°g-)'. 
By (12. 7p . the right hand side is not less than 

fj.T,h{Kj) - 4Cm2(logm)='e-"('°s'")' 

provided that 

(2.32) {logmf>no. 

Therefore if we take = n2{eo) > 1 sufficiently large so that (12.321) and 

ACm^hgmye-"'-'"^"'^' < ^^(^o)^ 

At 

hold for m > 11*2^ then for such an m with m > 2 ■ 4^^'*'^(logm)^, we have 



( U 

\l<j<M 



(2.33) ^iT,h\ U K,]>l-{l-5s{eo)y2)''>l-eo 

by our assumption on M. Also, from (i) of the lemma, 53(^0) is much smaller 
than Eo, and we have 

(2.34) 4Cn2(logn)V"(^°s")' <£o- 



17 



Thus, from ([22SD-(EMD, we have 



(2.35) fXT. 



there is a (+)-path in S{{'m,0),m) which 
connects the top side of S{{m,0),m) with R' 

> (1 - ^/e^){l - So) - Eq. 



R'(lo) = R' 



We muhiply both sides of the above inequahty by iiT,h{,R'{,<^) = R') and then 
summing up over horizontal crossings R' of V such that R' passes below the 
origin, from fl2.27p and (12.351) we obtain 



(2.36) fXT,h 



/ there exists a (+)-path in [— m, 2m] x [— m, m] \ 
such that it connects the left side of this box 
with {x^ = m}, and it separates the line segment 
i = {{0,t) : < t < m} from the bottom side 
y of [—m, 2m] X [— m, m] J 

> (1- v^)[(l- V^)(l-£o)-£o]. 

Then forcing this event to have a horizontal (+)-crossing in S{{m,0),m) 
starting from the left side of it above the origin, we have by the FKG in- 
equality that 

/ there is a horizontal (+)-crossing in\ ^ , , 
^^'^ \^ the rectangle [— m, 2m] x [— m,m] j — 3\ 0J5 

where we put 

g{x) = (1 - y^f [{I - v^)(l -x)-x\. 
From this it is the same argument as the original RSW theorem to obtain 
/iT,/,(A+(3m,m)) > g{e^)\l - e^f. 
Thus, if we take £0 > such that 
(2.37) g{^e^Y{i-e,f>l-\e, 

then we have desired estimate for every m > max{no, ri^(5o), ''^2(^0)} with 
m>2- 4*^+^(logm)^. We can take ni(eo) = max{no, 'n.^(eo), 'n'2(^o)}- 

□ 

For the Gibbs measure ^T,ha{T) at the percolation threshold, we abbreviate 
it to Her- 
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Lemma 2.4 (cf. [llj (2.15)). For any integer k > 0, there exists a constant 
C{k) such that for all n, 

Hcr{A~^{kn,n)) > C{k) and iicr{A~*{kn,n)) > C{k). 

Proof. It is shown in [5] that 

< liminf ficr{A~^{kn,in)^ < Urn sup ficT{A~^ {kn, in)^ < 1 

n— ^cxD n— >-oo 

for any fixed pair of integers k,i > 1. This proves the lemma for the (+)- 
connection, and since 

{A+{kn,in)y = A-*{in,kn), 

the assertion of the lemma is proved. □ 

For later use, we choose < < ^-^id then from Lemma [2.41 we can 
regard L{hc{T),eo) as oo. 

By Lemma 12. 3^ we can see that ii h < hc{T), then for every n with 
^1(^0) < n < L{h,eo) we have iJ,T,h{A^{n,n)) > 60 and jjT,h{A'^{kn,n)) > 
Sk{eo). UN > 2n, then by ([22D 



(2.38) fif {A+ {n, n))>eo- ACn 



for t G [0, 1]. The right side of the above inequality is not less than eo/2 if n 
is sufficiently large. Let 



(2.39) ns = n2{eo) := 

Now if 77-2 < n < min{L(/i, Eq), y}, then 



max{r2 > rii : ACn^e''''' > f } + 1, 
rii, if the above set is empty. 



£0 



(2.40) ^f(A+(n,n)) > ^. 

Therefore by Lemma [2.31 (i), we have both for /i = fiT,h and /i = fif 

(2.41) ix{A-^ikn,n)) >5k{eo/2) 

provided that N > kn when = fif' . On the other hand, ii h > hc{T), then 
by Lemma 12.41 and the FKG inequality we have 

fXT,h{A^ikn,n)) > ficr{A^{kn,n)) >C{k). 
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By Lemma [2.31 we can take C{k) as 6k{C{l)) ii n > ni(£o)- If > 2n, then 
as above we have 

/if > C(l)-4CnV°". 

Thus, if 71-2 < ri < then we have 

/if(A+(n,n))>C(l)-|>^C(l)>|. 

Therefore anyway we have the following; the estimate for (— *) connection 
can be obtained by the same reason. 

Lemma 2.5. Let /i = fiT,h or fi^ . li kn < N and n2 < n < L{h,eo), then 



(2.42) i2{A+{kn,n)) > 6k 

(2.43) fi{A'*{kn,n)) >6k{f 



2 



We take 4 as 6kif) hereafter so that both fl2:i2D and flCTjl hold for 
fi G {fJ^T,h} U {/if : t e [0,1]} if kn < N and n2 < n < L{h, Sq). 

Lemma 2.6 (cf. [H] (2.19), (2.20)). Let fi = fiT,h or /if. Then for any 
k > 2, and any n with 4n2 < n < L{h,eQ), the following hold: 



. . .s / there exists a (+)-circuit surrounding ^ ^ j:4 

^ V '^(('^ - 2)^ - 1) in S{kn) \ Si{k - 2)n - 1) J - ^ 

(2.45) /i(0 9,„S(2n)) > 6t62l^{0 ^ 9,„5(n)). 

If /t = /tf , then we also assume that > A;ri in (12.441) . and > 2ri in 
(I2.45p . The same statement holds true when (+)-connection is replaced with 
(— *)-connection. 

Proof. (12.441) follows from the (12.421) together with the FKG inequality. As 
for (12.451) . we use a similar argument as in the proof of (7) in 

/i(0 <^ d,nS{2n)) 

/ O A dinS{n), there exists a (+)-circuit ^ 
y in S{n) \ S{n/2) surrounding S{n/2), and 
~ there exists a horizontal (+)-crossing 

V of [n/2,2n] X [-n/2,n/2] / 

> /i(0 A dinSin)) ■ 6t ■ 62. 

□ 
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Lemma 2.7 (cf. [llj p. 121). Let A = 1/64, 9 G (0, 1) and Uq be the same as 
in Lemma [2. 2[ If there is an 

(2.46) L > max{no, 8C{8e~^a-y} 
such that 

(2.47) fiT,h{A+{L,3L)) < Xd, 

then we can find constants Kq, Kj > depending only on 9, such that 

(2.48) ^^T,h{S{L) A dinSikL)) < Keexpi-Kyk). 
The same statement holds for (— *)-connection, too. 

Proof. 1°) We write g{k) for ^T,h{S{L) ^ dmS^kL)). It suffices to show that 
there exists an m such that 



(2.49) 



9{k) < -g{k-m) 



if k > m. Let m = 2 ■ 3^ < k for some j > 1. By the mixing property we 
have 



(2.50) g{k)< 



g{m/2) + C 



[''^^Y -am,L/2 



liT,h{S{mL)^d,nS{kL)). 



Now, we break dinS{mL) into pieces each of which has length 2L. Each of 
these pieces belongs to the boundary of S{nL, L) for some n = (rii, 77-2) G Vm, 
where 

Vm ■■= |(±(m - l),2t - 1), (21 - 1, ±(m - 1)) : -- + 1 < « < -| . 
Since 

{S{mL) A d,nS{kL)} C U {S{nL,L) ^ d,nS{kL)} 

C \J {S{nL,L)^dinS{nL,{k-m)L)}, 



we have by fl2.50p and by the translation invariance 



9{k)< 



g{m/2) + C 



'j^^Y -amL/2 



< Am 



g{m/2) + C 



[mLf amL/2 



X ii^Vjgik - m) 
g{k — m). 
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Therefore to show (I2.49p , we have only to show the existence of m such that 

(2.51) 4mg{m/2) < ^ and 2Cm{mL)^e-""'^^^ < ^. 

Note that the latter inequality is satisfied when L > 8C(8e^^a~"'^)^. 
2°) Consider an annulus 

A^ = S{^)\S{^-1). 

Then by the FKG inequality we have 

/ there exists a (— *)-circuit \ ^ / t r /^\\4 

LiTh\ V • • • A >l^Th{A *(mL 2,mL 6)) . 

' Y surrounding the origin m J ' v ' 

Then by Lemma [2.2[ we have for mL/6 > no, 

g{m/2) <!-(!- XO^'^'Y < AXe^''\ 

since m = 2 - SK This implies the existence of m satisfying fl2.5ip . Note that 
this m depends only on 6. □ 

From the above lemma, we can easily obtain the following corollary. 

Corollary 2.8 (cf. [llj p. 121). Let h be taken close to hdT) so that 
L{h,eo) > max{ni,8C(8e-^a-i)^}. If /i < /i,(T), then flA]) for L = 
L{h,eo) holds, li h > hc{T), then (12.481) with (+) being replaced by (-*) for 
L = L{h, Eq) holds. 

Lemma 2.9 (cf. [7] Lemma 5.3). Let = fiT,h or /if^ for t G [0,1]. Then 
for every e > 0, there exists a positive integer Mq = Mo(e) such that if 
n2 < n < 2*^n < L{h, Eq) for some M > Mq, we have 

, . f there exists a (+)-circuit surrounding the origin \ 

^^■^^^ ^\ iYiS{2''n)\S{n) J > 1 " ^, 

and 

, . / there exists a (— *)-circuit surrounding the origin \ 
^^■^-^^ ^ ^ in S{2^'n) \ S{n) J > 1 - 

This follows from Lemma [231 and the mixing property. The proof is quite 
the same as the one to derive (12.331) . 
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3 Connection lemma 



For n > 1, we define 

£{n) := [log4nJ = mm{j eN -.j > log^n}, 

Throughout this section we assume that isi^n) > n2, and n < mm{L{h, Eq), y}. 
Therefore we assume that h is very close to hc{T). Also, let be iJ,T,h or /^^ 
with < t < 1. Let A; > 1 be given. For our purpose it is sufficient to assume 
that k — p/A with an integer p > 5. Let 

V{n) = [—n,n] x [—kn,kn]. 

For a horizontal (*)-crossing 7 of V{n), let Ln{'y) be the region in V{n) below 
7, and Un^ci) be the region of V{n) above 7. Also, for every £ > 1, let t/n(7, i) 
denote the connected component of the set 

{xeC/„(7):d(x,7)>£} 

which contains the top side of V{n). If such a component does not exist, 
then we put [4(7, ^) = 0. In the same way we define I/n(7; ^) for 1/^(7). Let 
AUn{'y,i) — C/n(7, \ Un{'y,i — 1), which consists of points in [4(7) such 
that the distance from 7 is exactly equal to i. Similarly, we put 

ALn{^,i) = {x e L4^) : d{x,'y) = £}. 

Lemma 3.1 (Connection lemma). Let 71,72 be horizontal (*)-crossings of 
V{n) such that 

7i C [— n, n] X [—kn, —{k — and 72 C [— n, n] x [{k — ^)n,kn\. 

Let also /i = fj,T,h or fif for t G [0, 1]. There exists an n^, = n^ik^Eo) > n2, 
such that for every E e Tvin)- and every F e ^l„(7i)uc/„(72)u{7i}u{72}> 

f3 1) f ^^^^^ exists a (+)-path in ?7„(7i) fl L„(72), 
^ \ connecting AUn{ji, 1) with z:\L„(72, 1) 

for Us < n < L{h,Eo) and N > kn when jji = jji^ . The same estimate holds 
for (— *)-path, too. 
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Proof. We will prove fl3.ip . The argument is quite parallel for the (— *)-path. 
r) Set T{n) := [-f,f] x [-kn,kn] and 

_ J there exists a (+)-path from Z\[/„(7i, £(n)^) to Z^L„(72, 
" I in f/„(7i, i{nY) H L^{^2, iinf) n T{n) 

By fl2.42p we have /i(G'^) > ^sfc if 8n2 < n < L{h,eo). Using the mixing 
property (12.21) 

\EnF)> fx{Gt) - 4CA;n2£(n)2e-°^(")'. 
Thus, we can find an Ni = Ni{k,eo) > 877-2 such that 



and hence 

(3.2) /i(G+ I E n F) > ^5sk 



for A^i < n < min{L(/i,eo), f }• 

2°) Let n > Ni. For lo G let 7(0;) be the leftmost (+)-path in 

Unhi,i{nf)nL4-f2,i{nf)nT{n) 

connecting AUniji, (-{nY) and Z\L„(72, £(n)^). Let 7 be a realization of 7(w) 
for some u G G^, and let fi(7),f2(7) be the intersection points of 7 with 
^Un{li,(!-{nY) and Z\L„(72, £(n)^), respectively. Consider the following an- 
nuli around ^1(7): 

(3.3) A,, = t;i(7) + S{A^+^) \ S(3 ■ - 1) 
for 

(3.4) < 2 ■ 4-'' < 4-'+^ < -. 

Then ^ij's are disjoint from each other, and are subsets of V{n). Let = 
1, 2 be paths of length £(n)^, such that ipi connects fi(7) with 7^, respectively 
for z = 1,2. Then any point x & ipi satisfies that 

d{x,j,) <i{nf. 

Therefore 

(^1 U ^P2) n (?7„(7i, £(n)2) n L„(72, ^(^i)')) = 0. 
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Further, ( 13 ■4p implies that 
if 

(3.5) ^/n>2i{nf. 

The path 7 divides [/„(7i, fl L„(72,£(n)^) into two regions. One is to 

the right of 7, and the other is to the left of 7. Let 0+(7) denote the region 
to the right of 7. Then we extend 7 to 7 = 7 U t/'i U which separates 
Unili) n Ln{'~i2) into two parts. Let 6+(7) be the connected component of 
{Unili) n Ln{i2)] \ {7}, containing 6+(7). 

Let Fl be an event occurring in S'(fi(7), 2 ■ 4-'), and let 

^ f there exists a (+)-path in Aij fl 6+ (7), 

^'•^ ' 1^ connecting 7 with Z\?7„(7i, ^(n)^) 

Then by the Markov property and the FKG inequality 



{7(0;) = 7} n F n F n Fl 

uj{x) = 1 for every x G 7 



tuix] 



-1 for every x G 9Hj(7) \ 7 



(3.6) /i (^ifi,, 

where we put 

S,(7) = e+(7)\^(t;i(7),2-4^-). 
Again by the FKG inequality the right hand side of fl3.6p is not less than 



u{x) = —1 for every x G dEj{^) \ 7 



Note that (i(6+(7), (9Hj(7) \ 7) is not less than i{ny, under the conditions 
(13.41) and (13. 5p . Therefore by the mixing property and the FKG inequality 
we have 



2-ae{nf 



(^Hij {7(0;) = 7} n F n F n Fi^ > fiiHij) - ACkn^dinfe 

if 8^2 < n < m.iia{L{h,eo), ^}. So we can find N2 = N2{k,eo) > Ni such 
that (13. 5p holds for n > N2, and 

4CA;n2£(n)2e-"^(")' < |, 
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and hence 



(3.7) 



/i (h,, Mu) = 7} n i^; n f n Fi j > 



for every N2 < n < m.m{L{h,eo), -^}. 

If w G Hi j, then there exists a (+)-path which connects 7 with Z\?7„(7i, £(n)^) 
in 9+(7)nAi j. Among such (+)-paths, let 7i,j(w) be the "minimal" path in 
the following sense. For every self-avoiding path ^ in (lAij, connecting 

7 with AUn{'ji,i{ny), 9+(7i,£(n)^) \ {^} separates into connected compo- 
nents. Let denote the component which contains a (*)-nearest neighbor 
of ^1(7). 7i,j(i^) has the minimal region C^i^(cj). Namely, for every (+)-path 
( in 6+(7)nAij, connecting 7 with Z\f/„(7i, £(n)^), C^i^(aj) C C^. Note that 
{7ij(u;) = (} depends on configurations in (C(^ HAij). Let 7ij be a real- 
ization of 7ij(a;) for some a; G Hij, and let fi(7ij) be its intersection with 
^Uni'ji, iin)"^). Let also 7071 j be the path which starts at ^2(7), goes along 
7 until it meets 71^, and then changes to go along 71 ,,• ending at t>i(7i ,,•). 

Take Mq = Mo(^) in Lemma and let A'{'~fij) be the annulus given by 



A'i^i,) = i;i(7i,,) + 5(2 ■ 4*^V(n)2) \ 3(2 ■ iinf). 




(3.8) 



/i if' (7 o 71^^.) {7(0;) = 7} n {7i,,(w) = 7i,i} nEnFDFi 



> f,{H'i^ o 71 J) - 4CL?£(Li)'e-"^(^^)' 




by Lemma [2.91 if 

(3.9) i{Lif > n2. 



So we can take N3 = N^^k, Eq) > N2 such that (13. 9p and 



(3.10) 4CL2£(Li)2e-°^(^i)' < - 



for n > N3, so that 



(3.11) /iffi'(7 7i,^.) {7(u;)=7}n{7i,,(u;)=7i,,}ni?nFnFij >- 
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For uj G H'{'~fO'-fij)^ let (p{uj) be the "minimal" (+)-path connecting 7071 j 
with AUni'yi, i{LiY). Fixing a realization ip of '^{u) for some u G H' {^o'~^ij), 
we do the same thing again. Namely, let v'i{ip) be the endpoint of ip in 
Z\[/„(7i,£(Li)2) and let 



^"((7 7i,i) 



there exists a (+)-path in the annulus 

v[{ip) + S{2-A'^^H{L,f)\SmUf) 
such that it connects (7 o 7ij ) 0^9 

with AUn{llA{L2f)^ 



where L2 = 2 ■ 4^o£(Li)2. Then 



( Tjn ( ( n n {7(w) = 7} n {7i.j(u;) = 7ij} V 1 



provided that 

(3.13) ^{L2f > n2, and 4CL2£(L2)'e-"'(^^)' < ^, 

which is possible if A'4 = N4{k,eo) is sufficiently large and A^4 < n < 
mm{L{h,eo), f }. 

Let = t;i(7) + 5(4-''+i + Li + L2)\S(2-4^') with Vn < < < f . 
If Li + L2 < ^, then 

4^+1 + Li + L2 < 4^+1 + 4^' = ^4^+^ < min |^^, 2 ■ 4J+i| . 

So, Hij{j), if(j(7ij) and H"{{pfO'^ij)oip) are occurring in S'(fi(7), 2-4-'+^)n 
V^(n) n {x^ < 0}. Thus, for every j with v/ri < 2 ■ 4^' < 4^+1 < f , we have 

/o'iA\ ( there exists a (+)-path in {7(1^) = 7} \ ^ 1 r4 

^ ' ^ ^connecting 7 with AUn{liA{L2f) HE n F n J - 8 ^' 

3°) Let _ 

^ / N _ f there exists a (+)-path in ,,■ 1 
1^ which connects 7 with Z\f/„(7i, 1) j ' 

Then by f l3.14[) and by the finite energy property 

St 



(3.15) I, H,j{^) 



{7(0;) = j}nEnFnF,)> ^cirY^"^^^ , 
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where c(T) = [1 + e ^/^^'^^ ^. Let j^: and j* be minimum and maximum of 
j's such that f l3.4p holds, respectively. Then for every j with < j < j*, we 
have by fl3J[5|) 



^ f fi % 

Vp=i* 



{7(0;) = 7} n E n F 
(7(0;) = 7} nEfiF 

{7(w) = 7 



\p=i* 



< (^1 _ |c(T)^(^^)'^ 



{7(0;) = 7 



}nEnFn'f]Hl)j 

p=j* I 



Now, J* - j; = ^ + 0(1) and iiL^) = + 0(1). Therefore we know 



that 



j:4 \ i-i.+l 



— )• as n — )■ 00. 



Thus, we can take = N^i^kjEo) > N4, such that 



there exists a (+)-path 
(3.16) /i I in S'(f 1(7), |), connecting 
7 with Z\?7„(7i, 1) 



{7(0;) = 7} nFnF > 



ioT N5<n<mm{L{h,eo),f}. 

We can apply the same argument for 72 and ^2(7), and obtain 



there exists a (+)-path 
(3.17) n I in S'(f2(7),f), connecting 
7 with Z\L„(72, 1) 



{7(a;) = 7}nFnF I >- 



for N5 < n < min{L(/i,eo),f }• Combining (El]), fl3:T6|l and (KIT} , we 



obtain 



f there exists a (+)-path in f/ri(7i) fl Ln{j2) 
I connecting Z\t/„(7i, 1) with Z\L„ (72, 1) 



^ n F ) > -5sk. 



It suffices to take = to see that Lemma 13.11 is proved. 



□ 
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Remark 3.2. As we saw in the proof, since we used rectangles of width not 
exceeding n/4, we can apply Lemma [2.51 as long as n < L{h,eQ). Therefore 
Lemma [3.11 holds true for every ns < n < 8L{h,eo). 
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4 Fence argument 



In this section, we give an Ising version of the basic resuh in Kesten [11] . 
concerning the notion of fences. Although the argument is apphcable to S{n) 
for any large n, but as in [11], we restrict ourselves to the cases where n = 2^ . 

Let r be a path from O to dinS{2^) in S'(2'^), for some k > 2; assume that 
all spins on r other than O are +. For the sake of argument, assume that 
the endpoint of r lies on {—2''} x [—2^,2^], the left side of S{2''). Let r' be 
the piece of r from the last intersection with the line {x^ = —2'^ + 2^^'"^} to 
the left side of 5'(2^); r' is a horizontal crossing of the rectangle 

:= [-2^ -2'^ + 2^-2] X [-2^2'=]. 

Let C = C{r, k) be the (+)-cluster in Bi which contains r'. We call C the 
crossing (+)-cluster in Bi containing r'. Namely a crossing (+)-cluster in Bi 
is a (+)-cluster in Bi such that it contains a horizontal (+)-crossing of Bi. 
The lowest point of C on the left side of S{2^) is denoted by a = a(C). Let 
Bf = Bf{r) denote the region in Bi above r, and B^ = i3^(r) denote the 
region below r. 

We say that r (or C) has an {rj, k)-fence if all three of the following con- 
ditions hold: 

(4.1) If t is any path from O to (9j„S'(2^) which lies in S{2^ — 1), 
except for its endpoint, and on which all spins except for O are +, 
and its corresponding component C{t, k) satisfies that 

C{t, A;) n C = 0, then |a(C(t, k)) - a{C)\ > 2^2^. 

(4.2) If r* is any (*)-path from O to dinS(2^) which lies in S{2^ — 1), 
except for its endpoint, and on which all spins except for O are — , 
and its corresponding (*)-component is C*(r*,fc), then 
|a*(C*(r*,fc)) -a(C)| > 2^2^ 

(4.3) There exists a vertical (+)-crossing of the rectangle 
[fli _ y^2^ - 1] X - r72^ + r]2% 

which is (+)-connected to C in S'(a, ^Jr[^\ 
(Here a = [a^ ^ a^).) 

We can also define an (r^, A;)-fence for a (— *)-cluster C* of B\ by inter- 
changing (+) and (— *) everywhere in the above. Similarly, let B^^ B3 and 
B4 be rectangles such that Sj+i is clock-wise rotation by a right angle of Bi 
for each z = 1, 2, 3. Note that we have to consider vertical (+)-crossings or 
(— *)-crossings in B2 and B4. 
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Lemma 4.1 (cf. [TT] Lemma 2). Let fi = fiT,h or . For each 5 > 0, 
there exists an rj = rj{eQ,5) > and n4 = 77,4(77, eo) such that if ^4 < 2^^ < 
min{4L(/i, £0), y}, then 



The same inequahty holds for each i and (— *)-connection, with obvious mod- 
ifications; the word "horizontal" is replaced with "vertical" when i = 2,4, 
and "(+)" is replaced with "(—*)", respectively. 

Proof. This can be proved along the same line as Lemma 2 of Kesten [TT] . 
We need to avoid using the BK inequality; this can be done by conditioning 
step by step. 

Assume that there exists a horizontal (+)-crossing of Bi. Let TZi be the 
lowest of such crossings and Ci its (+)-cluster in Bi, a = (a^,a^) denotes 
the left endpoint of TZi. As was done in [TT], in order that the conditions 
(14. II) - (14. 3 p are satisfied for TZi, and Ci, it is sufficient to have a (+)-path ,^1 
in S{a, ^2^) \ S{a, rft}") and a (+)-path ^2 in S[a, ^2^) \ S[a, 2^2^) both 
connecting T^i with the half line {{x^ , c? —'r]2^\, < a^} in the ant i- clockwise 
direction. The existence of ^1 assures the condition (14.31) . and the existence 
of ^2 assures the conditions (14.11) and (14. 2p . 

We first take a small e > 0, and consider the annuli 



By Lemma [2.9^ we take Mq = Mo(£) so that as in the derivation of (13.111) . 



> 1 - £ - C^^2^^e-'^'^'^'' 
if n-i < r]2^ < 2^'^"r]2^ < ^2^ < L{h,eo). Let n* be the number such that 

C?7"-^n^e~"" < e for all n>n*, 
and we assume that ri2^ > n*, so that 




there exists a horizontal (+)-crossing of Bi 
whose (+)-cluster C in Bi does not have an [i], k)-{ence 




A,{n{) = S{a,^2^)\S{a,7^2'), 
A^ijlr) = S{a,^2^)\S{a,2^2^). 



we have 





> 1 - 2e. 
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In the same way, for every E G J^s{a,2^2'^)^ 

{TZiiLo) = n} n E 



there exists a (+)-path ^2 in ^2(^1), 
jj, I connecting ri with {(x^, — r]2'')] < a^} 
in the anti-clockwise direction 



>l-2e 
provided that 

(4.4) C^2^'' ■ 0y2'=e^"v^2' < e, and 2^^«2^2^' < ^2^ 

The first inequahty is satisfied if 'r]2^ > n*, since the left hand side is equal 
to r7~^/^C(y^2'^)^e~"v^^ . The second inequality reduces to 

(4.5) 2*^0+^^ <1 
Therefore we have 

, . f there exists the lowest horizontal (+)-crossing IZi of Bi, 
^ ybut one of the conditions fl4.ip - fl4.3p fails for its cluster Ci 

< 46 

under the conditions (14. 5p . ri2^ > max{n*, 77,2}, and ^2'^ < L{h,eo). 

Now assume that {TZi, Ci}i<i<a are given horizontal (+)-crossings of Bi, 
with their corresponding (+)-clusters in Bi. Assume further the following: 

(i) TZi is disjoint from Cj for i j. 

(ii) the TZi are ordered such that Ci C BiilZj) for i < j. (JZa is the highest 
crossing among {TZi)i<i<a.) 

If there exists still another (+)-crossing of Bi above lJi<i<cr^i' then let 7?.o-+i 
be the lowest such crossing. Denote its endpoint on the left side by ao-+i, and 
its (+)-cluster in Bi by Ca+i- (In this case, Ci C BiiJZa+i) for 1 < z < a.) 
We can repeat the above argument and obtain the following: 

(IZa+i exists in Bi, above Ui<j<o-Ci, 
but one of the conditions (HrT|) - (H^ fails 
for its cluster C^r+i 

< 4e. 



Ci} l<i<(7 



Consequently, we have for every integer p > 0, 

,^ g^ / there exists a horizontal (+)-crossing 71 of Bi, such that \ 
^ \^ one of the conditions fl4.ip - fl4.3p fails for its cluster C J 

< p (there exist more than p disjoint crossing (+)-clusters of Bi) 

+ 4:p€. 
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Using the Connection lemma, we can see that 



//(there exist more than p disjoint crossing (+)-clusters of Bi) 



-TT f there exists a horizontal (+)-crossing of B 

-11^1 above Cfc 

fc=i ^ 

X /i (there exists a horizontal (+)-crossing of Bi) 

<(i-W4r\ 



i<k 



if in addition 723(8, £0) < 2^ ^ < L{h,eo), where n^, is given in section 3. 
Combining this with (14.81) . and taking first p large, then e small so that 

(4.9) (1- W4)'' + 4p£<5, 

we can obtain 



(4.10) p 



there exists any horizontal (+)-crossing TZ of Bi, such that\ 
one of the conditions (I4.ip - fl4.3p fails for its cluster C J 

< 6. 



To this £ > 0, we choose MqIe) by Lemma [2.9[ and choose rj satisfying 
(14.51) . After that we take k so that 

2'' > max{?7"^n2, T]~^n*, 4n3(8,eo)}- 

Then h should satisfy that L{h,so) > 2''~'^. □ 

Remark 4.2. 1) In the proof, we used the Connection lemma for rectangles 
with widths not exceeding 2^~^, therefore from Remark l3.2[ Lemma S]T] holds 
still true when < 2'' < 2^L{h,eo) provided that Mq > 4 (see (H31) ). 

2) We will require a stronger condition than (14. 9 p for p and 1] in the later 
discussion, but we will not have to change the statement of Lemma 14.11 See 
the discussion in the next section 5.3. 
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5 Extension argument 

Here we present Ising version of Lemmas 4 and 5 of [TT] . 



5.1 Blocks 

The main idea in the subsequent sections is to divide 5(2'^) into suitable 
blocks. The sizes of blocks differ according to problems and also the relative 
location of these blocks in S'(2^). Let us begin with definition of such blocks. 

Definition 5.1. Let 1 < j < A; be integers and for every v G 5'(2'^), let Qj{v) 
denote the square 

(£i2^ (£i + 1)2^] X (42^(£2 + l)2^■], 

which contains v, unless ii2^ = -2^ or = -2^. If = -2^ but 
l^li ^ _2fc, then we put 

Q.^v) = [-2^ -2^= + 2^] X (£22^ (£2 + 1)2^]. 
If £22^' = -2^= but ii2^ 7^ -2^ then we put 

Q,{v) = (£i2^ (£1 + 1)2^] X [-2^ -2^= + 2^]. 
Finally, if ii2^ = £22^ = -2^, then we put 

Q.[v) = [-2^ -2^= + 2^] X [-2^ -2^= + 2^]. 

Thus, the totality of distinct )'s form a partition of S{2'^). Hereafter 
in this section we fix f G S{2'') with v = (f ^, f ^) such that < f ^ < v^. The 
following argument can be easily modified to f G S{2'^) in other cases. 

Let Xj{v) be the lower left corner of Qj{v), i.e., 

(5.1) x,{v) = ix]iv),x%v)) = im^m'). 
Then for m > 0, let 

(5.2) SJ^{v) = x,{v) + S{2^^n- 

If V is near the boundary of S'(2'^), then Sj^{v) may not be inside of S{2''). 
In this case, we consider the following box Tp{v) instead of Sj^{v), 

(5.3) Tp{v) = [2^= - 2^+^+\ 2^] X [x^^{v) - 2^'+™, x^^iv) + 2^'+™] 
if x'j{v) + 2^+"' < 2^ and 

(5.4) Tp{v) = [2'' - 2^'+™+!, 2^, 
if a;2(w) + 2^+*^ > 2^ 

34 



Lemma 5.2. 1. TJ"+^(i;) D Tp{v). 

2. If SJ'iv) C 5(2^) and ^^^^(t;) ^ 5(2'=), then SJ'iv) C T,'"+i(t;). 
The proof is straightforward, so we omit it. Let 
(5.5) m* = ml{v) = max{m > : S^'^iv) C S(2^)}. 

5.2 Block events: inwards 

We put 



(5.6) Ci : = 

Let 6 = S{6o) > be given by 



16 
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(5.7) S = ^Cfi 



By Lemma |4?H we can choose rj = r]{eo, S) > and = 714(7], eq) such that 

/ there exists a crossing (+)-cluster in i3i \ ^ ^ ^ 
^ Y which does not have an (77, A;)-fence J ~ 

for every k with < 2^ < min{L(/i, £0)1 y}) where /i = /iT/^ or for 
< t < 1. The above inequahty is vahd for crossing (— *)-clusters, too. Let 
ji be sufficiently large such that 

(5.8) max 

and we assume that 2^'^ < 2^ < min{L(/;,, ^o)? Here, for a real value x, 
\x\ denotes the smallest integer not less than x. 

Let V = {v^,v'^) G S'(2^). As before we assume that < < f ^ for 
the sake of argument. We will first define three events on Sj^{v), namely 
r{v, SJ^{v)), A{v, SJ^{v)) and A(t>, 5'™'(t')) for 1 < m, in the same way as in 
|llj . These events are prototypes of events we introduce later. After that 
we have to modify them as r(f , r™(t>)), A(t>, T™'(t>)) and A(f,T™'(t>)) for 
m > ml. 

Let r(f , Sj^{v)) be the event such that all the following occur. 

1. There exist two (+)-paths ri,r3 in SJ^lv), connecting v with the inner 
boundary dinS'^iv) of 5'™'(f ) such that ri \ {v} and \ {v} are disjoint. 
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2. There exist two disjoint (— *)-paths r2,rl in S'j^{v) connecting (*)- 
neighbor of v with dinS'^{v). 

3. Ti U r3 separates and r\ in S^{v). 

As in the previous section, for each S{2^) let Sj, for i = 1, 2, 3, 4 be given by 

Bi = [-2^ -2^' + 2^-2] X [-2^ 2^], 
B2 = [-2^2^] X [2^■-2^■-^2^■], 
S3 = [2^■-2^-^2^■] X [-2^2^], 
B4 = [-2^ 2^'] X [-2^ -2^ + 2^-2]. 

Note that 

4 

IJ-Bi = 5(2^) \ 5(2^-^ + 2^-2-1). 

i=l 

i3j's are defined for each S{2^) by their relative location to the square in 
consideration. So, we will define Bi, i — 1,2,3,4 for S'^{v) as shifts of Bj's 
which are originally defined for 5'(2^i+"^), by Xjj^{v). 

On the event r{v, Sjl{v)), ri crosses one of BiS of Assume that 

the endpoint of ri is in Bi. Then ri surely crosses Bi. Let Ci be the (+)- 
connected component in Bi containing the endpoint of ri. Similarly, we 
define (+)-connected component C3 of some Bi which contains the endpoint 
of ra, and (—*) -components Q some of Sj's containing endpoints of 
and r|, respectively. Then we define 

(5.9) Hv,S-(.),r,) = [. . T(.,STM) ■ rj^i'-'f+nLce} • 

To define A(w, we introduce other rectangles in S{2^). Let Ai-, i = 

1, 2, 3, 4 be given by 

[-2^-2,2^-2] X p -2^-2,2^'], 
[2i -2-?-2,2^'] X [-2^-2,2^-2], 
[-2^-2, 2^-2] X [-2J, -2^' + 2^-2]. 

We also define Ai by their relative locations to S{2^), and we can define 
them for Sj^{v) as shifts of ^j's, which are originally defined for 5'(2-'i+"^), 

by Xj,{v). 

Now, define the event A{v, Sj^{v)) as the subset of r{v, S'!j^{v)) such that 
all the following occur. 



(5.10) 



(A, 

A2 
As 
[A4 



36 



1. ri and connect v with the left and the right sides of Sj^{v), respec- 
tively; r2 and connect (*)-neighbors of v with the top and the bottom 
sides of Sjl{v), respectively. 

2. n (Ui<i<4Bi) C Ai and r*+i n (Ui<i<4Bi) C Ai+i, for i = 1, 3. 

3. There are vertical (-l-)-crossings in Ai and A3, and horizontal (— *)- 
crossings in A2 and A4,. 

These events are not occurring inside S{2^) if ml < m, and in this case, we 
have to modify the definition of them. 

Let r(v, TJ^(v)) be the event such that all of the following occur. 

1. There exists a (+)-path ri in T™'(v), connecting v with dinTJ'^^v) \ 
dinS{2^), and a (+)-path connecting v with dinT^{v), such that 
ri \ {v} and \ {v} are disjoint. 

2. There exists a (— *)-path r2 in Tj^(t'), connecting (*)-neighbor of v with 
dinTj^{v) \ {x^ — 2'^}, and a (— *)-path r| connecting (*)-neighbor of v 
with 9,„r-(T;) \ di^S{2>') in T-(^;). 

3. ri U ra separates r2 and rl in ). 

Then we have to define Bi^s for Tj^{v). We take the same relative location 
to T™'(w) as before. For example, 

Si — [2^^ — 2-'^'^"^'^^ 2*^ — 2-'^'^"^'^^ + 2-'i"'""*~^] X [i^ — 2-'^'^"^ + 2-'^'''"*] 

where t = denotes the center of T™(v). Note that ^ 2'' - 2^i+"*, 

and t2 = a;2^ (t;) if a;2^ (v) + 2^'i+"» < 2^ t'^ = 2'' - 2^i+™ if (t;) + 2^'i+"^ > 2^ 
The left side of Bi is the same as the left side of TJ^{v). In the same way, we 
can define B2, B3 and B4. Then wc also define connected components Ci,C^_^_i 
corresponding to and r*_^i for i = 1, 3 as before. Let 

(^^^^\ AC mm/ _ / each of Ci, Q, C3, Q has an ji + m)-fence 1 
^ ' ^ ' Ji^^^ \ if its endpoint is not in ai„5(2'=) j 

Let Ai be defined for TJ^(v) so that their relative locations for Tj^{v) are the 
same as those for S{2^'^~^"^). 

Now we define A{v,T^{v)). First, in the case where T^{v) ^ (2^^, 2*^), we 
define A{v,T^{v)) as a subset of T{v,T^{v)) such that all the following 
occur. 

1. ri and rs connect v with the left side and the right side of Tj^(t'), 
respectively. 
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2. r2 and rl connect (*)-neighbor of v with the top side and the bottom 
side of T^{v), respectively. 

3. ri n (Ui=i,2,4'Bi) C Ai, and r*^^ n (Ui=i,2,4'Bi) C A+i, for z = 1,3. 

4. There exist a vertical (+)-crossing in ^i, and horizontal (— *)-crossings 
in both A2 and A4. 

5. rg n (Ui=i,2,4Si) = 0. 

Next, when T^{v) 3 (2^2'=), we define A{v,TJ^{v)) as the subset of 
r(t>, T™'(t>)) such that all the following occur. 

1. ri and connect v with the left side and the right side of r™(f), 
respectively. 

2. r2 and r4 connect (*)-neighbor of v with the top side and the bottom 
side of T™'(w), respectively. 

3. n n (Bi U B4) C ^1, and r* n {Bi U -64) C A- 

4. There exist a vertical (+)-crossing in Ai, and a horizontal (— *)-crossing 
in A. 

5. (r* U rs) n {Bi U -64) = 0. 

For later use let us introduce the notation BJJ[{y) to denote S^{y) if m < m*, 
and T™(f) if m > m*. 

Lemma 5.3 (cf. (2.43) in [11]). Let 2-'i <2^ < min{L(/i, eg), f }• Then for 
t G [0, 1] and every m > 1, we have 

(5.12) ^,f{A{v,Rl{v))) < C,f^r{A{v,R--^\v))), 

where Ci is the constant given by fl5.6p . 

As a result we can find some constant C2 > which depends only on £0 
and ji, such that 

for every m > 1. 

Proof. This lemma can be proved essentially in the same way as in [llj by 
using the connection lemma in place of independence. 

First, we consider the case where RJl{v) = SJ^{v) and /2™'+^(t;) = S'^^'^{v). 
Let Ai and A[ denote ^'s corresponding to Sj^{v) and SJ^^^{v), respectively. 
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Then take a new rectangle Vi which intersects both Ai and A'l- To be precise, 
we define T>i as the rectangle 

Also we write V2,'D3,Vi for rectangles obtained by rotating Vi successively 
by right angles in the clockwise direction around Xjj^{v), so that Vi intersects 
Ai and A'i ioT i — 1,2,3,4:. Let Di be the event given by 

_ { there are a vertical (+)-crossing in A'i and 1 
' 1^ a horizontal (+)-crossing in Z>j J 

for i = 1, 3 and 

^ _ f there are a horizontal (— *)-crossing in A'i and 1 
* 1^ a vertical (— *)-crossing in Vi J 

for i = 2,4. Then we have 

4 
i=l 

Therefore we have to estimate /^^-probability of A(w, SJ^{v)) HDiD - • -004. 
To do this, for oj e A{v,Sj^{v)) let Ti(a;), (a;), T3(a;), T|(a;) be given as 
follows. 

• Ti{uj) is the rightmost vertical (-l-)-crossing in Ai, 

• T2{u!) is the lowest horizontal (— *)-crossing in A2, 

• T3(a') is the leftmost vertical (+) -crossing in ^3, and 

• T4 (a;) is the highest horizontal (— *)-crossing in A4. 

So we divide A(v, Sj^{v)) into disjoint subsets according to the shape of 
Tj, T*+i's. We write it simply by 

A{v,SJ^^{v))= U A(t;,5»;ri,r*,r3,r:). 

T1,T2*,T3,t| 

Tj (t*^_]^) divides (A+i) into two parts. We denote by Q{Ti) (6(t*,_i)) 
the part of Ai (A+i) adjacent to S{xj,{v),2^^+"' - 2^^+"'-'^ - 1). Then we 
define for each realization ti, T2 , T3, t|, A(v, ti, T2 , T3, T4) as the event 

occurring in the region 

Ui=i,3e(T,) u e(T*+i) u 2^-^+- - 2^-i+— 2 - 1) 

such that all the following occur. 
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1. Ti{uj) = Ti, T*^i{uj) = r*+i, i = 1, 3. 

2. There exists a (+)-path in e(ri) U 5(a;ji(v), 2^i+'" - 2^i+"^-2 - 1) 
connecting Tj with v, for i = 1, 3. fi\{v} and ra \ {v} are disjoint. 

3. There exists a (-*)-path f*+i in e(r*+i) U5(a;ji {v), 2^1+™ - 2^1 +"^"2 - 1) 
connecting t*_^_i with a (*)-neighbor point of v. and f| are disjoint. 

4. fi U fs separates f2 and in the region 

U [e{n) u e(r*,,)] u s{xM, 2^-^+- - 2^-^+-2 - 1). 

1=1,3 

Further, let 

~ , X _ J there exists a vertical (+)-crossing in A^, and 1 
= j ^. is connected by a (+)-path with dinSJ'^^^v) in j 

and 

{there exists a horizontal (— *)-crossing in A'^_^i, 
and T*_^_i is connected by a (— *)-path with 
dinSJ'+'iv) in A+i 

for i = 1,3. Diiji) is an event occurring in \ ©(rj), and Dj+i(r*^_]^) is an 
event occurring in V^j^i \ 6(r*,_i). By this notation, we have 

4 

1=1 

= U A(^;,5-(T;);Ti,r*,T3,T:) n f| A(tO n A+i(t*+i) 

n,T|,T3,T4* i=l,3 

Note that the union in the right hand side is disjoint. By the Connection 
lemma and the FKG inequality, we have for i = 1, 3, 

N ( f\ t \ \ -n \ \ '^16^20 

/^t iA(Tij I y-p,\G(ri)]'=j > 

The same estimate is valid for Dj+i(r*^_j^) for i = 1, 3, too. Therefore we have 

/.f(A(t;,5-(t;))nnA) 
1=1 

/.f(A(^,^»;n,r*,r3,r:)) 



> 



i=l 
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'ri,r2,T3,Tl 

4 



> (^) M."(AKs;^M)). 
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Thus, we obtain 

^^^{Aiv,SrAv))) < (^)'V(A(.,5r'(.))). 

Next, we consider the case where m — m^. So, BJJ[{v) — S^^{v) and 

Rf+\v)^T;^''^\v). In this case we do not use A'^. There are two possible 

cases. 

Case 1 T^^~^^(v) does not contain the upper right corner (2^', 2^) of 3(2'^). 
In this case, we take rectangles Vi,!)^ and corridors C/2, to connect Ai 
with A[ for each i. Namely, C/2 is a corridor of side length 2^^'^'^*"^ and it 
connects A2 with A2 in the following way: 

U2 = ^2,1 U ^2,2 U ©2,3 

V2,i = [x]^{v) - 2^^^+"^i-2,4(^;) + 2^^+^*-^] 

X [xl{v) + 2^'i+"^i - 2^'i+"^^-2,4(v) + 2^'i+"^i + 2^'i+"^^-i], 
©2,2 = [2^ - 2^'i+"^^+\a;]^(t;) + 2^^+""*-^] 

X + 2^'i+'"i,4(t;) + 2^'!+'"* + 2^'i+'"^-^], 

2^2 3 = [2^^ — 2-'^^™!^"'" 2^^ — 2-'^^™!"''^ + 2-'^'^'"i~"^] 

X [xliv) + 2^'i+™s4(^;) + 2^'^+™!+^], 

As the length of U2, we take the sum of lengths of {'C2,i}j=i,2,3, so it is at 
most (| + I + 2)2-'^+"'i"^ = 6 ■ 2-'i+™i^^ We take U4 as a symmetric image 
of U2 with respect to the line {x^ = x'j_^{v)}. The rectangles Vi, ©3 are given 

by 

Vi = [2^ - 2^'i+'"i+^a;J^(f) - 2-''^+"'i + 2-''^+'"i-2] 
X - 2^'^ +"^1-2,4(1;) + 2^'^+"^^-2] 

= [4(t;) + 2^1 +'"^ - 2^'i+'^^-2, 2^=] 

X [4(^;) - 2^'+'^'^-\xl{v) + 2^i+"^^-2]. 

Their lengths are at most (4 + |)2Ji+"*i-i and (2 + |)2^i+"*^-^ 

Now we do the same thing as before. We use the Connection lemma to 

connect Tj with (9j„T™^^^(f) in V^, and t*_^^ with dinTj^^^'^ (v) in f/j+i, for 

z = 1,3. Also, we require the existence of a vertical (+)-crossing in Ai, and 

a horizontal (— *)-crossing in each of A2 and ^4. 
Then by the connection lemma, we have 

^r(A(„.sf w)) < "'(^)">(A(..i;'r'«w)). 
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Case 2 T^^^^(v) contains the upper right corner (2^,2^) of S{2^). In this 
case, we do not use A2, either. We use V2 to connect straightly A2 with the 
top side of T™'^^^(t>) and as above. We need corridors Ui and U4 to connect 
Ai with A'i for i = 1,4, whose lengths do not exceed (| + | + 4)2-'i+'"i"^ 
Then arguing as above, we have 

Finally, we consider the case where m > ml. In this case, also we have to 
consider whether TJ""^^ contains the upper right corner of 5(2'^) or not. But 
the essential changes are: 

• We do not need or ^3. For, on the event A(f,T™'(f)) we have 
already a (+)-path connecting v with the right boundary of T^~^^(v) 
in the smaller box T™'(f). 

As a result, we have 

^f(A(„.7;';'(.))) < (Ml£)"(Ml£yVf(A(.,rr'(.))) 

when T™'+^(f) does not contain (2'', 2''), and 

/.f (A(.,T™(.))) < (A(.,i;r^(.))) 

if TJ^~^'^(v) contains (2'^,2'^), since we use to connect A2 straightly with 
the top side of 5(2'=). 

Finally, for m > 1, (15.121) implies that 

f,r{A{v,R]l{v))) > C;^--'^f^r{A{v,R]^{v))) > 
where we can take 

□ 

Remark 5.4. Since we use Connection lemma in the proof, and by Re- 
marks 13.21 and 14. 2^ the restriction that 2^ < L{h,eQ) can be relaxed to 
2*^ < 2^L{h,eo). 
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Lemma 5.5 (cf. (2.38) in |TT]). Let 2^^ < 2^ < mm{2^ L{h, Eq), and 

V G 5(2'^). Then there exists a constant Cs^i]) > depending only on Eq, 
and 7], such that the following statements hold. 

(i) For 1 < m < — ji, we have 

(ii) For ml + 1 < m < k, we have 

Proof. The proof of this lemma is the same as in [11]. We use corridors to 
connect each of ri,r2,r3 and rl to the boundary of SJ^'^'^{v) or T^~^^{v) by 
using the connection lemma. 

(i) Assume that A(t>, SJ^{v)) occurs. Then let ri,r3 be (+)-paths connecting 

V with dinS^{v), and let r"^, be (— *)-paths connecting ^-neighbor of v with 
dinS'^{v), such that ri \ {v} and \ {v} are disjoint, and ri U separates 
r2 from rl. ri crosses one of i3j's, say Bi for simplicity. Then let Ci be the 
(+)-connected component in Bi, containing the endpoint of ri in dinS'^iv). 
We assume that ri contains the left endpoint a(l) = (a^(l), a^(l)) of the 
lowest crossing of Bi in Ci. Corresponding to this ri, we prepare a corridor 
of width 2772^1+"" connecting dS]l{v) with the left side of SJ^^^iv) such that 
it contains the rectangle 

[0^(1) - v^2^'^+'", a\l) - 1] X {a^{l) - 7]^^+'"" , a\l) + r/2^'i+'"]. 

The length of the corridor can be made less than 8 ■ 2-'i+'"+^ = 2-'i+™'+^ Fur- 
ther, this corridor crosses A!^ horizontally. Here, as before Ai corresponds 
to S^{v) and corresponds to S'^^'^'^iv). In the same way, the corridor 
corresponding to contains the rectangle of longer side length ^^2-'^"'"™ and 
the shorter side length 2?72-'^"'"™', one of the shorter side of which is neigh- 
bor to dinSj^{v), and this rectangle is located outside of 5'™(f). Further 
this corridor connects the endpoint of with the top side of i9mS'™^^(f) 
crossing A2 vertically. In this way we can prepare corridors corresponding 
to ri,r2,r3,rl. Since A{v, SJ^{v)) occurs, these corridors can be chosen to 
be pairwise disjoint, if rj is sufficiently small. By (14. 5p . and Mq > 1, this is 
possible. 

Since Ci has an {ri,ji +m)-fence, Ci is connected by a (+)-path with the 
lower side of the rectangle 

[a\l) - v^2^'^+'", a\l) - 1] X [a\l) - r]V'+'"', a^{l) + 7]^'+"^], 

going above a(l) and in the region 5(0(1), ^^2-'^+"^) \ 5(0(1), 7]2^^^^). Con- 
ditioning on the lowest of such (+)-paths, and using the Connection lemma. 
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we see that there is a constant C3 > depending on eq and rj, such that the 
conditional probabihty of the event that there is a (+)-path in this corridor 
connecting the above lowest (+)-path with the left side of S'™'^^(f) is not 
less than C3. We do the same thing for each corridors, except that we have 
to consider (— *)-paths in the corridors corresponding to r2 and r^. Note 
that we can choose a common constant for the above constant C3 for each 
of corridors. Thus, we have 

/if {Hv,S-{v))) < (Q)-^(^) V (A(t;,5r'(^))) • 
Note that C3 can be taken to satisfy 

(5.13) c;> 

with an integer p > 2^ri~^. 

(ii) The argument is the same as above, but we have to take care of two cases. 
In A{v,Tj^{v)), each of the paths ri,r2,rl ends one of three sides of Tj['(f), 
namely the left, top or bottom side. Only can end at the right side. 

If r3 does not end at the right side of T™'(f), then by definition of 
A(f,T™'(f)) each of the (+)-clusters Cj's ((— *)-clusters C*,_]^'s) containing 
the endpoints a{i) of (a*(i + 1) of r*_^i) for i = 1,3, has an (r/, ji + m)- 
fence. Then we choose corridors corresponding to ri, and rl as before. We 
choose the corridor corresponding to in 

so that it connects S{a{3), ^'V^^'^) with the right side of Tf^'^^{v). 

If r3 ends at the right side of Tj['(f ), then we only take care of corridors 
corresponding to rx^r\ and r\. 

Thus, we can choose Cs{ri) in the statement of the lemma as the above 

Finally, the bound that 2^ < 2^L{h, Eo) comes from the fence argument. 
Lemma 14. 1[ □ 

Lemma 5.6 (cf. Lemma 4, (2.37) in [H]). Besides the condition f l5.8p . we 
assume further that 

(5.14) CiAnfe-"'' < 6 for every n > 2^\ 

Then there exists a constant > depending only on £05 ''75 cind ji, such 
that for 2^^ < 2^ < min{2^L(/;,, eo)? "f"}? the following statements hold for 

t e [0,1]. 
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(i) For 3 < m < k — ji, we have 

(ii) f^f{nv,T;:*^^\v))) < Kf^^{A{v,T-'^^\v))), if m* + 1 > 3. 

(iii) For max{3, ml + 1} < m < k — ji, we have 

f^r{nv,T-{v)))<Kf^f{A{v,T-{v))). 

Hereafter we always assume that ji satisfies (15.81) and fl5.14l) . 

Proof, (i) This part is just the same as the proof of Lemma 4 of ^Hj. We 
start with the following inequality. 

< ^,f{A{v, S^^-\v))) + f,f{r{v, S^^-\v)) \ A{v, Sj;-\v))). 

If T {v , SJ^~'^ (v)) occurs but A{v , SJ^~'^ (v)) does not occur, then we can see 
that 

• r(f , S'™~^(f )) occurs, and 

• for at least one of rectangles Bi,i = 1,2,3,4 which correspond to 
S'J^~^{v), there is a (+)-crossing cluster or (— *)-crossing cluster, con- 
necting longer sides of the rectangle, such that this (+)-cluster (or 
(— *)-cluster) does not have an {ri,j + m — l)-fence. 

Since 5'™"^(w) and i3i U ■ ■ ■ U -B4 are of £°°-distance 2^i+™-^ we have 

< (85 + C2=^('"+^'^-i)e-"2'"^'^"')^f (r(t;, Sj;-\v))). 
By (I5.14P we have 

Iterating this until we get to Sj_^{v), we have 
/.f(r(t;,5r^M)) 

m— 3 

£=0 
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and since by Lemma 15.31 

^^r{nv,Sl{v))) < 1 < C^-^Cr/if (A(.;,5™(.;))), 

and 

f^r{Mv,S--\v))) < Ci^^r{A{v,S-{v))), 

we obtain 

^^r{T{v,S-{v)))<K^^,r{A{v,S]:{v))) 

for some positive constant Ki which depends only on eo,ji and rj. 

(ii) By the above argument we have 

and by Lemma [5.3^ we have 

^^{T{v,T-*^^\v)))<^r{T{v,S;:^{v))) 

<K^C,f^r{A{v,T;f'^\v))). 

(iii) Since we proved the inequahty for m = ml + 1, we can assume that 
m > ml + 1. The same argument as in the proof of (i) shows that 

m— r?ij— 2 

/if(r(.;,i;™(t;)))< Yl (9<5)Vf(A(^^,Tr'(^))) 
+ (95)"^-Vf(r(t;,T,':^+'(t;))) 

Here, we used the result in (ii). By this and Lemma l5.3[ we have desired 
inequality. □ 
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5.3 Block events: outwards 

We start with the simplest case where < m < ml. In this case, SJ^~^^{v) is 
a subset of 5(2^). 

Let r{Sjl{v), S{2'^)) be the event such that all the following occur. 

1. There exist (+)-paths ri,r3 such that ri connects dSj^{v) with the left 
side of S'(2'^), and connects dSj^{v) with the right side of 3(2''). 

2. There exist (— *)-paths r2,rl such that connects dS^{v) with the top 
side of S{2^), and connects dS^{v) with the bottom side of S{2^). 

Next, in order to define fences, we introduce Bj, 1 < i < 4. For a — {a}, a^) 
and r > 0, let 

S'i(a,r) = S'(a, r) fl {x^ < a^}, 

and let S'j+i(a, r) be the clockwise rotation of 5*1(0, r) by a right angle around 
a for i = 1, 2, 3. Then we put 

(5.15) Bi := Si{x^,{v), 2^'+^ + 2^i+'"-2) \ 5-(^;) 

for i = 1, 2, 3, 4. Note that Bi C 5(2'=) if m < m*. 
Crossing clusters: Let 

(5.16) := d,r,Si{x^,{v), 2^1+- + 2^-i+— 2) \ Sf^{v), 

and ^1, .^2,^3,^4 be the left, top, right, bottom sides of dS™^{v), respectively. 
A crossing (+)-cluster [(— *)-cluster] in Bi is a (+)-cluster [(— *)-cluster] in Bi 
such that it connects </?j with ^j. Then we can define crossing (+)-clusters and 
crossing (— *)-clusters in terms of </7j and ^j. Let C be a crossing (+)-cluster 
of Bi- We define its endpoint a{C) by the lowest point of C fl if i = 1, 3 
and the leftmost point of C fl if i = 2, 4. (This definition corresponds to 
our assumption that < < v^.) The endpoint a{C*) of a (— *)-cluster C* 
in Bi is defined in the same way. 

Fences: Let Ci be a crossing (+)-cluster in Bi. We say that Ci has an 
(^)ii + ?7i)-fence if all the following events occur: 

1. \a{Ci) —a{C)\ > 2y/rj2^^^"'' for every crossing (+)-cluster C of Bi, such 
that Ci n C = 0. 

2. |a(Ci) - a{C*)\ > 2^2^^+"^ for every crossing (-*)-cluster C* of Bi, 
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3. Put a — a{Ci) — {o}, o?), and 

Ta := [a- + 1, + V^2^'i+"^] x [a' - r^2^i+™, a' + 2^i+™]. 

Then there exists a vertical (+)-crossing of Ta fl SJ^{v) which is con- 
nected by a (+)-path with Ci in S{a, ^2-'i+™) \ 5(a, r72-'i+™). 

The definition of fences for a crossing (+)-cluster Ci [(— *)-cluster C*] for 
1 < i < 4 will be obvious. Now we define K{S^{v)^ S{2^)) as the subset of 
T{S^{v)^ S{2^)) such that any of crossing (H-)-clustcrs and (— *) clusters in 
Bi of Sj^{v) has an + m)-fencc, for every 1 < « < 4. Then let 

and let Ai+i be the clock- wise rotation of Ai by a right angle around xj-^ (v) for 
i = 1, 2, 3. Finally, we define A(5']^(v), S{2'')) as a subset of f 5(2'=)) 
such that 

1. Tj n (Ui<j<4,Bj) C Ai and r*_,_i fl (Ui<j<4yBj) C Ai+i for i = 1, 3, and 

2. for i = 1,3 there is a vertical (-l-)-crossing in Ai, and a horizontal 
(— *)-crossing in Ai+i- 

Next, we consider the case where m — m^. In this case, B2 and B3 may 
not be inside S'(2*^). 

If S^^{v) C {max{x\x^} < 2^ — 2-'i+"''i"2|, then we can use the events 
f(5'™nt'),'^(2')), Ms;^'^{v),S{2^)) and A(S';;^H^), -5(2^)) as above. 

lid{Sjl'{v),S{2''y) < 2^i+™^-2 and 5'7;^(^;) C {x^ < 2^= - 2^i+™^-2}, then 
we put 

S];^ (v) = [4 {v) - 2^'+"''^ , 2^=] X [4 (^;) - 2^'i+"^^ , 4 (t;) + 2^^+"^^ ] , 

and let f(^J^i (v), 5(2*^)) be defined in the same way as r{S^'{v), S{2'')), 
except that we do not require the existence of r^. Correspondingly we do not 
use B3 or ^3 for Sj^^{v), either. Then we define 

(5.17) Bi := S{2'^) n [Si{xj,{v), 2^-^+-^ + 2^^+^*-') \ S;;Hv)] , 
and 

(5.18) V, := 5(2^=) n [d,nS^{x,,iv), 2^'^+'"^ + 2^'^+™i-2) \ 5""^^)] 

for i = 1,2,4. Let ^i denote the left, top, and bottom sides of dSj^^ ,foT 
i = 1,2,4, respectively. We define Ai as before for i = 1,2,4. We have to 
add a condition to the definition of fences in Bi. Namely, a crossing (+)- 
cluster C in Bi has an (?], ji + m^)-fence if all the following occurs. 
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1. |a(C) — a(Ci)| > 2yr72-'i+™i for every crossing (+)-cluster Ci in Bi, such 
that C n Ci = 0. 

2. |a(C) — > 2y/r/2-'i+™i for every crossing (— *)-cluster C* in 

3. There exists a (+)-path which crosses shorter direction of Ta(c), and is 
connected by a (+)-path with C in 

5(2'=) n [S{a{C), v^2^'^+'"i) \ 5(a(C), r72^'i+"^*)] . 

Fences for crossing (— *)-clusters in Bi are defined in the same way. 

Then A{Sp {v),S{2'')) is defined as a subset of f{S^^ (v), 5(2'=)) such that 
every crossing (+)-cluster and crossing (— *)-cluster of Bi, {i = 1,2,4) has 
an (?7,ji + m*)-fence. The set A(Sj^'^ (v) , S (2^)) is then defined as a subset 
oit{S]l{v),S{2'')) such that 

1. ri n {Uj=i,2ABj) C Au 

2. r*^i n (Uj=i,2,4'Bi) C Ai+i for i = 1, 3, and 

3. there exists a vertical (+)-crossing in Ai, and there exists a horizontal 
(— *)-crossing in Ai+i for i = 1, 3. 

lfd{Sj^'{v),S{2''Y) < 2^i+"^3:-2 and Sjl'{v) ^ {x^ < 2'' - 2^^+""'-^} , then 
we put 

S^'^{v) = [x]^{v) - 2-''i+"^2'=] X [x'j^{v) - 2Ji+™^,2'=]. 
and we define T{Sj^^{v), S{2^)) as the event such that 

1. there exists a (+)-path ri connecting dSj^^{v) with the left side of 
5(2^=), and 

2. there exists a (— *)-path connecting 95*™^ (f) with the bottom side 
of5(2'=). 

Bi and ipi are given by f l5.17p and f IS.lSp . and ^1,^4 are given as the left 
and the bottom sides of Sj^'^{v), respectively. Ai are the same as before for 
i = 1,4. 

Then we define A{Sj^' (v) , S {2'')) and A(5™(t;), 5(2^')) in terms of ri,r* 
and Bi, Ai for i = 1,4, as before. 

Finally, consider the case where m > ml- If T™(f ) C {x'^ < 2^=— 2-^1+™"^}, 
then let f (T™(f ), 5(2^=)) be the event such that 
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1. there exists a (+)-path ri in S{2'') connecting dTj^{v) with the left side 
of ,5(2*=), and 

2. there exist (— *)-paths r2 and rl in S{2'^) such that r2 connects dTJ^{v) 
with the top side of S{2'^), and rl connects dTJ^{v) with the bottom 
side of ,5(2*=). 

To define Bj, recall that t — (t^,t^) denotes the center of Tj^{v), i.e., 

^2^- 2^'^+™, and = x]^{v), 
in this case. Then T^{v) = S{t, 2^1+"*), and we put 

(5.19) Bi := ,5(2*=) n [Si{t, 2^i+™ + 2^'^+"^-2) \ rj^(^;)] , 
and 

(5.20) := ,5(2*') n [9,„5,(t, 2^'+^ + 2^'i+"^-2) \ t;;^^^)] 

for i = 1, 2, 4. We call the left side of T™, ^2 the top side of Tj^, and ^4 the 
bottom side of T™. We define Ai for T^lv) as the t-shift of Ai for S{2^^+"') 
for i = 1,2,4. Then, correspondingly we can define A(T™'(v), 5(2*=)) and 

a{t;^{v),s{2')). 

If Tjf (v) ^ (2^ 2^=) and Tj7(w) ^ {x^ < 2*= - 2^'i+"*-2|^ ^j^g^ ^jgf^ne 

and define f (TJ^(w), 5(2*=)) as the event such that 

1. there exists a (+)-path ri in 5(2*=) connecting dT^{v) with the left side 

of 5(2^=), and 

2. there exists a (— *)-path r*^ in 5(2*=) connecting dT^{v) with the bottom 
side of 5(2^=). 

In this case and the next case, we use Bi, Lpi, and Ai for i = 1,4. Then 
definitions of Bi, ipi, and ^1 are modified as follows: 

Bi = [Si{t, 2^'i+"* + 2^'i+"*-2) \ fj^{v)] n 5(2*=), 
'/'I = [dinSiit, 2^'+^ + 2^'i+— 2) \ f-(^;)] n 5(2^=), 

where t is the center of T^{v), and ,^1 denotes the left side of T™'(f). Def- 
initions of i34, <^4, ^4 and Ai.,i = 1,4 arc the same as in the previous case. 
Then, correspondingly we can define A(T™(i;), 5(2^=)) and A(T™(i;), 5(2^=)). 
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If TJ^{v) 3 (2^ 2^), then we define f{T^{v), 5(2'=)), A(T™(t;), 5(2^=)) and 
A(T™(f ), S'(2'=)), by using only ri and rl connecting dT^{v) with the left 
and bottom sides of S{2^), respectively. Bi are defined by (15.1 9p . and ipi are 
defined by (I5.20p . both for i = 1, 4. The definitions of Ai and are the same 
as in the case where iT^{v) C {a;^ <2^ - 2Ji+™-2}. 

With these modifications, as in section 4 we obtain 

/ there exists a crossing (+)-cluster in Bi 
^ Y which does not have an (77,71 + m)-fence 

for jjL = fXT,h or fif, if < 2^^^^ <2^<^. But we have to choose p, e to 
satisfy 

(5.21) (l-^y + 4p.<5 

instead of (14.91) . and rj to satisfy (14. 4 p and (14.51) . Anyway, the statement of 
Lemma 14.11 is correct in this case, too. 

Let -R^(f) denote one of 5'™'(f), S'^{v), T™(t>) and T™^{v) corresponding 
to each cases discussed above. 

Lemma 5.7. Let 2^^ < 2^ < min{26L(/i, 5o), f }• Then for t G [0,1] and 
every 1 < m < /c — ji , we have 

(5.22) pf(A(^™(t;),5(2'=))) <Ci^f(A(%-i(i;),5(2^))), and 

(5.23) pf (A(i?-(t;),5(2'=))) > cr^'^"^--), 

where Ci is the constant given by (15. 6p . 

The proof of this lemma goes parallel to that of Lemma 15.31 This time 
the bound (5685i6)/16 appears when T™(i;) 3 (2^2'=). As for ([523]), note 
that R];^\v) = S{2^), and we understand that A{S{2''), S{2^)) = fi. 

Lemma 5.8. Let 2^^ < 2^ < min{2^L(/i, £0), y}- There exists a constant 
Ciirf) > depending only on Eq and 77, such that for t G [0, 1] and < m < 
k-Ji- 1, 

(5.24) ^,f{A{R--^\v),S{2'))) < C4(r^)/if (A(^-(^;), 5(2'=))) . 

The proof of this lemma goes parallel to that of Lemma 15. 5^ but we have 
to remark two points. 

1°) By definition of Ta in defining fences, half of Ta may not be inside R^'^^{v). 
Therefore the width of corridors connecting Ta and one of Ai^s may be equal 
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to r^2''i+'"+^. The length of the corridors can be made less than or equal to 
8 ■ 2-'i+'^+^. Thus, we can use the same constant Cg in f l5.13p in this case, 
too. 

2°) We have to consider the case where Sj^{v) or T™(t>) appears as Kj^i^v), 
or the case where R]l{v) = SJ^iv) and R'Jl'^^v) = T^^\v). But the proof 
of the lemma in these cases is a combination of the use of corridors and the 
proof of Lemma 15 .71 

Lemma 5.9. Assume the conditions fl5.8p and fl5.14l) . Let 2^^ < 2^ < 
mm{2^ L{h, €o), y}- Then there exists a constant > depending only 
on ji, r] and Eq, such that for t G [0, 1] and < m < A; — ji — 2, 

(5.25) /.f (f(/?™(.;),5(2^))) < TT/if (A(%(.;), 5(2'=))). 

The proof goes parallel to that of Lemma 15.61 
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6 Extension argument II 

In this section, we give an analogy to the argument in the previous section 
related to the one-arm event 

{O A9,„5(2'=)}. 

The argument here is similar to that of subsection 5.3, so we are going to use 
essentially the same notation as in 5.3. Also, as in the previous section, we 
assume that v G S{2^) and Q <v'^ <v^ for the sake of argument. Throughout 
this section, we assume that ji satisfies the conditions (15. 8p and fl5.14p . 
First, we define the event VQ^RJJ'^iv), S{2^)) in two cases. 

(i) If RJ[{v) = then let fo(%(y), 5(2'^)) be the event such that all 
the following occur. 

1. There exists a (+)-path ri in S{2^) connecting O with dKJ^{v). 

2. There exists another (+)-path in 3(2'') connecting (9-R™(f) with 

dinS{2>'). 

3. There exists a (— *)-path t* in 5(2^) \ R^{v) starting and ending at 
dKj^i^v) such that it separates ri and in S'(2^) \ BJJ'^iy). 

(ii) \iRJl{v) is one oiSJl{v), f^{v) and T^iv), then we define To{R]l{v), S{2'')) 
as the event such that above 1 and the following 3' occur. 

3'. There exists a (— *)-path t* in 5(2^) \ R'Jl{v) starting and ending at 
dRf^iv) such that it separates n and dS{2'') in S(2'=) \ Rf^{v). 

We do not require the existence of in this case. 

Let Ao(%(f),5(2'=)) be the subset of f o(%(w), ^(2^)) such that for 
every i, any crossing (+)-cluster and any crossing (— *)-cluster in Bi has an 
{T],ji +m)-fence. Here, we use {Bi}^^.^^ if R]l{v) = SJl{v), {-Bi}.^^2,4 

^ SJliv) such that ^ (2^2'=), and {-61,-64} if ) 3 (2^2'^). 

In order to define Aq{R^{v), S{2'')), there are cases we have to modify 
locations of Ai and A2- We define Ai as in the previous section unless 
d{R]l{v), {x^ = 2''}) < 3 ■ 2-'i+'"-2. If this occurs, then we put Ai and A2 on 
the left side of R^{v). Namely, we put 

A^ := [y' - 2^^+"^-^y'] x [y^y' + 2^^^^-'], 

A2 := [y^ - 2^'i+™-2^ y^] X [y^ + 2^'^+™+^ - 2^^+"'-\ + 2^^+"^+^]^ 
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where y = {y^,y'^) is the lower left corner of R^{v). ^3,^4 are defined as 
in the previous section. Then we define Ao(-R™^(f ), S'(2^)) as a subset of 
fo{Rf,iv),S{2'')) such that 

1. ri n UiBi C Ai, 

2. rg n UiBi C ^3 when Rf^{v) = 5'™(w), and 

3. t* starts in A2 and ends in such that 

t* n UiBi C A2U Ai. 

Let 

(6.1) m{v) := min{m > : SJ'^iv) D S{v, 2-^\v\^)}. 

We will consider only those m's which satisfy < m < m{v), and therefore 
Rjliv) is in distance of the same order as |f |oo from the origin. 

By these definitions, as remarked in 5.3, if we choose p, e to satisfy (15.211) . 
and 7] to satisfy (14. 4p and (14.51) . the statement of Lemma 14.11 is correct. 
Further, we have analogous lemmas as in the previous section. 

Lemma 6.1. Let 2^^ <2^ < min{2^L(/i, Eq), f }. Then we have for < t < 1 
and < m < m{v) — 1, 

(6.2) /if (Ao(f?r'M'^(2'))) < CM^^^{Ko{RrM^s{2'))), 

where C^lrj) is the same as in Lemma [5.81 

Proof. The proof is quite similar to the proof of Lemma 15.81 We use t* 
instead of and rl. Let B'i denote Bi for R^~^^(v), and Ai denote Ai for 
R^{v). Since any crossing (+)-cluster and any (— *)-cluster in any of B'i has 
an {ri,ji + m + l)-fence, on the event Aq(R^'^^ (v) , S{2'')), we use corridors 
to connect these endpoints to the corresponding Ai of i?™(f). Namely, they 
connect endpoint of ri with Ai, endpoint of with ^3 if it exists, endopoints 
of t* with A2 and A4, respectively so that these corridors do not intersect. 
The length of these corridors can be made less than 8- 2-'i"*"'"+^, which ensures 
that the proof of Lemma [5.81 is valid in this case, too. □ 

To compare /if -probabilities oiAo{Rf+\v), S{2^)) and Ao(%(t;), ^(2^=)), 
we need a little more care. 
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Lemma 6.2. Let 2-'i < 2^= < mm{2^L{h, Eq), f }. Then we have for < t < 1 
and for < m < m{v) — 1, 

(6.3) ^,f{Ko{Rl'^\v),S{2^))) < Ci/if (Ao(i?™(t;),5(2^-))). 

Proof. The proof is quite similar to those of Lemmas 15.31 and 15.71 As before 
let us write A!^ for Ai corresponding to -R™'^^(f), and we use Ai for those 
corresponding to i?™(f ). Let us consider for example the case where Rjliv) is 
equal to T^{v) and it contains (2^2'=). Then of course RJ^^^{v) = T™+^(w) 
also contains {2^, 2^). In this case in order to connect A!^ with Ai in TJ^^^iy), 
we need a corridor of width 2^'^^^~^ and its length is equal to 5 ■ 2^^^"^. It 
goes straightly to the left boundary of T™"*"^ [v] and turns down until it hits 
the line {x^ = ^ 2-'^+™"^}, and again turns to the left to cross Al^- In this 
case ^sof^ie/lS appears. □ 

Lemma 6.3. Let 2-'^+^ <2^ < min{4L(/;,, eg), y}, and assume that |t>|oo > 
2ii+5_ 'jj^g^ there exists a constant -K'o > depending only on eo; ji and r], 
such that for t G [0, 1] and for 1 < m < m{v), 

(6.4) ^^r{to{RTM,S{2>'))) < i^o/^f (Ao(i?-(t;),5(2^))). 

Proof. We first prove the case where m = m{v) in two steps. 

1°) Assume that \v\oo < 2^~'^ . Then m{v) < ml and R!Jl{v) = S"^{v) for 

every m <m{v). 

Let Gq{S^^^"\v)., S{2^)) be the event such that all the following conditions 
are satisfied. 

1. There exists a (+)-path ri connecting O with dS'^^^\v) in S'(2^). 

2. There exists another (+)-path connecting dS'^^^\v) with dinS{2^) 
in S{2^). ri,r3 are disjoint. 

Note that Gq{S'JI^''\v), 5(2^=)) D f o(S'™^''^(t;), S{2'')). We define the following 
annuli: 

n,:=S{4:\vU\S{2\vU), 
Ho:= S{2'Moo)\S{2-Moo). 

Note also that l-i^ and "Ho are subsets of S{2^), and doo{'Hv,7io) > |f loo- 
Next, let f/o and be corridors in 5(2'^) with the following properties. 

1. The width of Uq and Uy is 2^^+""^^^-^. 
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2. Uy starts from the right side of dSj^^^\v) in ^3 of 5'^^''^ and it goes 
straightly to the right side of S'(4|i>|oo) crossing the annulus Hv 

3. Uo connects Ai of Sj^^^\v) with dS{2^'^\v\oo)- Essentially, Uq goes up 
from the top side of S{2~^\v\ao) until the height of Ai of Sj^^^\v), and 
then it goes to the right until it crosses the Ai- When the above route 
is impossible, then we take Uq to go to the left first from the left side 
of S'(2~^|f loo) with length 2~^|?;|oo, and then to go up until the height 
of the Ai, and turn to the right as above. 

Let Eq be the event that there exists a (+)-path in C/q connecting shorter 
sides of Uq, and there exists a (+)-circuit in "Hq surrounding the origin. Also, 
let be the event that there exists a (+)-path in connecting shorter sides 
of Uy, and there exists a (+)-circuit in "Hy surrounding the origin, respectively 
Then in the event Eor\EvnGo{Sj^^"\v), S{2'^)), all the following events occur. 

1. There exists a (+)-path ri in UoUS{2^^\v\oo) which connects the origin 
with dS^^^''\v), and n n S{xj,{v), 2Ji+™('') + 2Ji+'"W-2) c Ai. 

2. There exists a (+)-path in UyUHv^ S{A\v\^Y such that ra connects 
the right side of dS^^^\v) with the right side of 3(2''), and 

ra n S{xj^{v), 2^i+™('') + 2^1+"^^^)-^) C A3. 

Here, ^^'s correspond to S^^'^^\v) Further, let G*{S^^^^\v), S{2'')) be the 
event such that the above 1 and 2 occur, and there are vertical (+)-crossings 
in Ai and ^3, respectively. Then by the FKG inequahty, 

(6.5) „^{G*{S;:^^\v),S{2''))) > C*^,^{Go{S;f^\v),S{2'))) 

for some constant Cf which depends only on ji and Eq. 

Then we prepare another corridor U* in (-S'^^^^V) U S{2-'^\v\^Y with 
width 2-?i+'"(^)~2 -which connects the top side and the bottom side of S^^^^ {v), 
and 

U* n S{xj,iv), 2^'i+'"(^) + 2^'i+"^('')-2) c A U A4. 
We choose U* not to intersect Uq or Uy, and its length less than 8|v|oo- Let 

{there exists a (— *)-path t* in U* connecting the top ' 
and the bottom sides of dS^^^^ (v) , and there are > . 
horizontal (— *)-crossings in A2 and A4 
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Then by our assumptions (14.51) and (15.81) , we can apply the Connection lemma 
to obtain 

(6.6) i^^{E*\G*iS;:^''\v),Si2')))>C* 

for some constant Cf depending only on ji and ^o- Apparently, we have 

E*nGtiSf"\v),Si2')) c Ao{S;;^''\v),Si2')), 
and by (16. 5p . (16. 6p . and from the fact that 

GoiS^^^''\v),Si2'))Dto{S;:^''\v),Si2% 
we have desired inequality. 

2°) When |f |oo > 2^~^, then we do not use the annulus "H^,. Instead, 11^ goes 
to the right until it reaches dinS{2^). Its length is not larger than 4|f |oo- 
Therefore by the same argument as above we obtain the desired inequality. 
This completes the proof of the second statement of the lemma. 

In the case where 1 < m < m{v) — 1, the proof is similar to that of 
Lemmas 15.61 and 15.91 in the previous section. 

Suppose that 1 < m < m{v) — 1. We start with the following inequality. 

^i^{fo{Rl{v)^S{2'))) 

< l^t{URliv\ S{2'))) + ^^f{fo{Rl{vl S{2')) \ Ao(%(t;), 3(2'))). 

If ToiR^liv), S{2^)) occurs but Ao{R]l{v), S{2'')) does not occur, then we can 
see that 

• ro{Rf+\v),S{2'')) occurs, and 

• for at least one of Bi's of -R^(f), there is a crossing (+)-cluster or 
crossing (— *)-cluster, connecting (pi with C,i for some i, such that this 
(+)-cluster (or (— *)-cluster) does not have an (?7, ji + m)-fence. 

If m > ml, we do not use B3 in the second statement. Since S{2'') \ R^'^'^(v) 
and Bi^s for Rjl{v) are of £°°-distance 3 ■ 2-'i+™'~^, by the mixing property we 
have 

/^f (f o(%(^), S{2')) \ Ao(%(^), S{2'))) 
<{86 + C- 6(2^'i+™)3e-"3-2^^+'"-');,f (fo(%+^(tO, S{2''))). 
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By (KW\ we have 



Iterating this until we get to R^^^\v), we have 



m{v)—m,— l 



By Lemma [6. II 

^ir{MRT\v),S{2'))) < C,{v)^,?{Ao{R-'-'-\v),S{2'))) 
for < i < m{v) — m — 1. Further, we already proved that 

fif{To{RT!'\v),S{2''))) < Ct^^^{Ko{Rt\v),S{2'))). 



By Lemma [6.21 

^if{Ao{RT\v\S{2'))) < Ci^if{Ao{Rl{v\S{2'))) 
for every 0<£<m(f) — m — L Hence we have 

/if (f 0(^,^^,5(2'=))) < k,^,f{K,{Rl-\v),S{2'))) 

for some positive constant Kq. Since Vq{R™^{v)^ S{2^)) is increasing in m < 
m{v), this implies the desired inequality. □ 
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7 Power law estimates for /c-arm paths 



In this section, we provide some power law estimate for arm events. The 
restriction that n < L{h,eo) in each lemma and each theorem is not se- 
rious. Namely, by using narrower rectangles properly in the following ar- 
guments, this restriction can be easily relaxed to n < 2L{h,6o) or even to 
n < 4L{h,eo). So, we remark here that although all the statements in this 
section are restricted to n < L{h, Eq), but we can obtain similar result for n's 
with n < AL{h, Sq). 

7.1 Power law estimate for one-arm path 

We define 

TXhiri) := fiT,h{0 ^ dinS{n)), 
Txl{n) := fiT,h{0 U dinS{n)). 

We abbreviate 'nhc{T){n) (resp. T^h^fj^-^in)) to 'Ucrin) (resp. T^l^iji)). 

Theorem 7.1. There exist positive constants C5, Cq and < a < 1 such 
that for 2^^ < R < n < L{h, Sq), 



for every n > 2^^. 

The strategy to obtain the upper bound is well-known (see e.g. (11.90) of 
[6]). A proof for the lower bound is found in Lemma 5 of [T5]. For a better 
lower bound for ir^r (n) , see the comment after Lemma 112. 1[ 

Proof. We begin with the upper bound. For j > 1, let 




In particular. 



(7.1) 



—a 



A - ■= S(4^+i/?) \S(2-4^i?). 



For each j, we define a random variable Xj by 




1 if there exists a (— *)-circuit in Aj surrounding the origin, 
otherwise. 
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Using the mixing property, we can show the following: There exist an integer 
j* and a number 6 > such that 

liT,h{Xj = 1 1 Xi, . . . , Xj_i) > s 

for every j > j*. Now we have 

/ Llog4(i?/n)J \ 

Now we turn to the lower bound. By the RSW-typc lemma, fix^h {A'^in, n)) > 
Si. On n), there exists the lowest (+)-crossing TZ of S{n). We define 

Hii(n) := max{y e [-n/R, n/R] n Z : ((0, Ry) + S{R)) n 7^ 0}. 

Then we have 

IJiT,h{A'^{n:n)) 

iiT,h{HR{n)^y) 

2/e[-n//?,-n/R]nZ 

< E (((0' ^y) + ^(^)) ^ ^((0' + ^(^))) 

Tl 

^C'-fiT,h{B{l,0,R,n)). 

□ 



7.2 Power law estimate for two-arm paths in half space 

Let E2{n) be the event such that 

1. there is a (— *)-path r* in S{n) connecting (0, n) with the boundary 
dinS{n) \ {x^ = n}, and 

2. there is a (+)-path r in S{ri) connecting (—1, n) with dinS {ri)\{x'^ — n}. 

Interchanging the roles of (+)- and (— *)-paths in the above definition, we 

can define another event S2{n). Also, recall that B~^{1, l,R,n) is the event 
that there are a (+)-path f and a (— *)-path f* in 

{S{n) \ S{{0, n-R),R))n {x^ < 0}, 

both connecting dS{{0,n — R), R) with dinS{n) \{x'^ = n}. Concerning these 
events we are going to prove the following theorem in this subsection. 
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Theorem 7.2. There exist positive constants C7, . . . , Ciq and an integer 
J2 > ji, depending only on eo,ji and r], such that the following estimates 
hold for < t < 1. 

(7.2) Crn-i <//f(£2(n)) < Csn-\ 
for 2^^~^^ < n < min{L(/i, £0), y}, and 

(7.3) C9-</if(i3+(l,l,/?,n)) <Cio- 

n n 

for 2^^ < R < n < mm{L{h,eo), f }. The estimate is vahd for S^in), 
too. 

The proof of this theorem is divided into two parts; the proof of (17. 2p and 
the proof of (17. 3p . 

First we prove (17. 2p . Let denote the leftmost vertical (— *)-crossing 
of S{n). Also, let {Z{Ln),n) denote the starting point of L„ in {x"^ = n}. 
Then by definition there exists a (+)-path in S{n) from [Z[Ln) — 1, n) or 
from {Z{Ln), n — 1) to the left side of S{n). Put 

E*in,x) := {Z{Ln) = x}. 

Lemma 7.3. Let 2-'^ < n < rmn{L(h,eo), y}. Then we have 

\x\<n/2 

for < t < 1. 

Proof. Since {i?*(n, a;) : — < a; < n} are disjoint, the right hand inequality 
is obvious. Let us define events A, B, C by 

A = {there is a vertical (— *)-crossing in [^, |] x [— n,n]} , 
B = {there is a vertical (+)-crossing in [— |, — ^] x [— , 
C = {there is a horizontal (+)-crossing in [— n, — ^] x [— . 

Then it is clear that 

AnBnCc[-^<z{L„)<^Y 

Hence we have 

f^nz{L^) = x)>fif{AnBnC). 

\x\<n/2 
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By the mixing property and the FKG inequahty, 



l^fiA nBnC)> [^f (A) - C2n . ^^e-""/2j /^f (s n C) 



> 



5, _ C-e-""/2 



5s ■ 6i. 



By dSSD, dLll) and flCTjl . we know that 

t3 



-an/2 < 2-3<5 < ^, 

4 - - 2 ' 



and hence /if (A n S n C) > |5| ■ 

Next, let E*{n, 0) be the event such that 



□ 



1. there is a (— *)-path f* in [— f , §] x [— 3n, ra] connecting (0, ra) with the 
bottom side of ^((O, — n), 2n), and 

2. there is a (+)-path f in [—2n, 2n] x [— n] connecting (—1, n) with the 
left side of ^((0, -n), 2n). 

Then for s G Z, we define E*{n,x) as translation of E*{n,0) by (a;,0). So, 
E*{n,0) is an event occurring in S {{x , —n) , 2n) . Note that E*{n,x) is a 
subset of E*{n,x) for every x with |a;| < n/2. 

By Lemma [7.31 and the translation invariance of /if, we have 

1> Yl f^f{E*{n,x))=nfi^{E%n,0)). 

x£[-n/2,n/2] 

For the proof of f l7.2p and fl7.3p . we use the extension argument modified 
for the present setting. Let us rewrite r2(S'(2'^)) = £2(2^) to fit the extension 
argument. Then we put A2(5'(2'^)) as the subset of r2(S'(2-')) such that any 
crossing (+)-cluster and any crossing (— *)-cluster in Bi has an (77, j)-fence 
for i = 1,3,4, where Sfs correspond to S'(2-'). Finally, let A2(S'(2-')) be the 
subset of r2(S'(2-')) such that the following events occur: 

1. r n [Bi U -Bs U Bi) C Ai, and r* n {Bi U -B3 U B^) C Ai. 

2. There exists a vertical (+)-crossing in Ai, and there exists a horizontal 
(— *)-crossing in ^4. 
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Here, Ai^s correspond to S{2^) as in section 5. By the inwards extension 
argument in section 5 we have 

(7.4) /if (A2(S(2^-))) < (A2(5(2^+i))), 

(7.5) /if (A2(S(2^-))) > C-^'-''\l + e(4'^c+8)/(^^))-*^('"\ 

and 

(7.6) /zf (A2(S(2^))) < Cs{vW{A,{S{2^^'))). 
These are vahd for ji < j < [log2 n\ , and 

(7.7) ^,f{T,{S{2^)))<K^^^{A,{S{2^))) 

for ji + 3 < j < [log2 n\ . Here, the constants Ci, C'iijf) and K are the same 
as those in Lemmas 15.31 15.51 and 15.61 

Remark 7.4. Proof of the above inequahties is essentially the same as those 
of Lemmas 15.31 15.51 and 15. 6[ but we list up where we modify them. 

• As for dZaD and ([15]), we introduce A2(5((0, 2^), 2-')) as the (0,2^)- 
translation of A2{S{T)). Note that the top center point of ^((0, 2^), 2^) 
is (0,2-'"^^) which is also the top center point of 5'(2-'''"^). Then we 
can compare /if (A2(5((0, 2^), 2^))) and /if (A2(5(2^+i))) by the same 
argument as in the proof of Lemma I5.3[ 

• As for ([IS]), we also introduce A2(5((0, 2-'), 2^)) as the (0, 2 J) -shift of 
A2(^(2^)). 

• As for (17. 7p . we need for each m the shifted events; 
r2(5((0, 2^ - 2-'-'"), 2^-™)), A2(^((0, 2^ - 2^"™), 2^"™)) and 
A2(5((0,2-'' - 2-'-'"),2^'-™)). 

Lemma 7.5. Assume that 2^i+^ < 2^'^ <n<2^ < min{L(/i, eo), f }• Then 
we have 

/if(£:2(n))<ir(^)"%f(^*(n,0)), 

which proves the upper bound in (17. 2p . where > is given in (17. 7p . 
Proof. Since 

^2(n)cr2(5((0,n-2'=-i),2'=-i)), 
from (17.71) . and the translation invariance of /if, we have 

(7.8) /if (^2(ri)) < /if (r2(5(2^-i))) < K^^^{A,{S{2'-'))). 
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Let 

V[ := [-272, -2^-^ + 2^-3] x[n- - , n - 't'^ + 2^"^], 

which connects Ax of 5((0, n-2^^-i), 2^-^) with the left side of 5((0, -n), 2n) 
in [— 2n, 2n] x [— n,?!]. Also, let 

V'^ := [-2'"'^ 2''-^] X [-3n, n - 2'' + 2'"'% 

which connects of >S'((0, n — 2^~^), 2^^^) with the bottom side of the box 
S{{0, —n), 2n). Then we define events occurring in and by 

D\ = {there is a horizontal (+)-crossing in T>[}, 
D'^ = {there is a vertical (— *)-crossing in V^}. 

Then 

D[ nD'^n A2(^((0, n - 2^=-^), 2^=-^)) C E*{n, 0), 

and the lengths of V[ and are not longer than 2^"*"^. Therefore by the 
Connection lemma, we have 

fif{E*{n, 0)) > fif{D[ n n A2(5((0, 2n - 2^^-!), 2^-^))) 
> (^)%r(A.(5(2'=-^))). 

Together with (17. 7p and (17. Sp . this proves the lemma. □ 

For the lower bound in (17. 2p . by the finite energy property, there exists 
an absolute constant Cf > such that for every |x| < n/2, 

/xf(E*(n,x)) <Cf/xf(r2(^((0,n-2^-^),2^-^))), 

where 2^^^ < n < 2^. Hence from Lemma 17^ and the translation invariance 

of /if, 

l^l ■6,< J2 l^t{E*M) < C*nf^^{T,iSi2'-'))) < Cfni,^{S,{n/2)). 

\x\<n/2 

This completes the proof of (17. 2p . It is clear that the above argument is 
applicable to £^2(^)) ^^o- 

Next, we prove (17. 3p . Let j be the integer such that 2^ < R < 2^^^. By 
the mixing property, 

^^r{S2{n)) < /.f (^+(1, 1,2^, n)) {f,^ {US{2n)) + 02^^^-'^ • 2^''e--''-'] . 
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Since we set T2{S{2^-^)) = 82(2^'^), by ([72]) we have 

if j — 2 > ji + 4. So, if we assume that j2 > ji + 6 is sufficiently large such 
that 

(7.9) ^72-^+2 > C2^^^-^^e-''^''' for every j > j2, 

then we have 

f^^{£2in)) < 2/.f (S+(l,l,2^r^))/if (^2(2^-^)) 

for every j > j2- This, together with (17.21) . implies that 

/if(i3+(l,l,/?,n)) >^f(i3+(l,l,2^n)) 

^2^^'^ 1 ^i? 

^ C7C0 ^ — CjCo — . 

- ^ n - 16 ^ n 

This is valid if 2^^ < R < n. 

To show the upper bound in (17. 3p . we use an outwards extension argu- 
ment. This time we consider ^((O, n — 2^), 2^) in S{n). First we put 



Bi := S{n) n 



^,((0, n - 2^), 2^ + 2^'') \ S((0, n - 2^), 2^) 



and 



(pi := 5(72) n 



9,„^,((0, n - 2^), V + 2^-2) \ ^((0, n - 2^), 2^) 



for i = 1,3,4, and let ^1,(^3(^4 be the left, the right and the bottom sides 
of S{{0,n — 2^), 2^), respectively. Then we can define (17, j)-fences. Note that 
everything should be defined in S{n). 

Let f 2(^((0, n - 2^), 2^), S{n)) be the event such that 

1. there exist a (+)-path f and a (— *)-path f* in S{n) \ S{{0, n — 2-'), 2-'), 
both connecting ^^((O, n — 2^), 2^) with dinS{n) \ {x^ = n}, and 

2. f is to the left of r*. 

Also, let r2(S'((0, n — 2-'), 2^), S{n)) be the event such that the roles of f and 
r* are interchanged in the above definition. Then it is clear that 

f2(5((0, n/2-2^), 2^), 5(n/2))uf;(5((0, n/2-2^), 2^), 5(n/2)) D i3+(l, 1, 2\ n). 
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Since the argument is the same, it is sufficient to prove the upper bound in 
(17:^ for f 2(5((0, n - 2^), 2-'), S{n)) in place of 1, R, n). 

Define A2(^((0, n-V), V), S{n)) as the subset of f2(5((0, V),S{n)) 
such that every crossing (+)-cluster and every crossing (— *)-cluster in Bi has 
an (?7, j)-fence, for z = 1,4. Then we put 

Ai := [-2^ - 2^-\ -2^] x[n- V - 2^-2, n - 2^' + V-\ 
:= [-2^'-2, 2^-^] x[n- 2^'+^ - 2^■-^ n - 2^'+^]. 

These relative locations for ^((O, n—2^), 2^) are the same as Aj's for S{2^). Fi- 
nally, let A2(^((0, n-2^), 2^), S{n)) be the subset of f2(5((0, n-2^),2^), S{n)) 
such that 

1. r* n (UiB,) C A4, and f n (uSi) C A, and 

2. there exists a vertical (+)-crossing in ^1, and there exists a horizontal 
(— *)-crossing in A4,. 

Then under the conditions f l4.4p . f l4.5p and f l5.2ip . the statement of Lemma 
14.11 is correct as in section 5.3. Therefore we have as before, 

(7.10) /zf(A2(5((0,n -2^+1), 2^+1), 5(n))) 

<Ci/.f(A2(^((0,n-2^),2^),^H)) 

for 2-'^ < 2^ < 2^^^ + 2^^^ < n. Let j* be the maximum of j's satisfying 
2i + 2^-2 < n. Putting 

Pi = [-n,-2^-*]x[-2^-*-2,2^-*-2], 

we can see that A2(S'((0, n — 2^*), 2^*), S{n)) occurs if there exist 

• a horizontal (+)-crossing in T>i and a vertical (+)-crossing in ^1, and 

• a vertical (— *)-crossing in P4 and a horizontal (— *)-crossing in A^. 
Here, Ai^A^^ correspond to 5'((0, n — 2^*), 2^*). Thus we have 

/.f (A2(^((0,n-2^*),2^*),^H)) > =: 

By this and (17.101) . we have 

(7.11) /if (A2(5((0,n-2^),2^),5(n))) > C-^^'-^'^C* 

66 



for ji < J ^ j*- Also, we have 

(7.12) /if (A2(5((0, n - 2^+1), 2^+i), 5^)) 

> CMf^^iMSm n - 2^), 2^), S{n))) 

if ji < J < j + 1 < J*, where C^lrj) is the same constant as in Lemma [5.8[ 
Finally, there exists a constant K2 > 0, depending only on eo, ji and t], such 
that 

(7.13) f,f{r2{S{{0,n-2^),2^),S{n))) 

<ir2/if(A2(5((0,n-2^),2^),^(n))) 

ifji + 3<j<j*. 

Using these estimates, we will obtain the upper bound in (17.31) . By the 
mixing property we have 

(7.14) /if (A2(5(0, n - 2^), 2^) n ^SHO, n - 2^+i), 2^+i), S{n))) 

> |/if (A2(5(2^))) -C22(^+i)2^e-"''} 
x/xf(A2(5((0,n-2^+i),2^+i),5(n))). 

By dnni), 

(7.15) /xf (A2(5((0, n - 2^+1), 2^+i), 5(n))) 

> i^^2/if (f 2(5((0, n - 2^+1), 2^+1), 5(n))) 
>ir2/if(f2(5((0,n-i?),i?),5(n))). 

Further, by (17.71) . we have 

/if(A2(5(2^)))>ir-Vf(r2(5(2^))) 
>ir-Vf(^2(2^)) 
> ir"^C72--''. 

Therefore if j2 is sufficiently large such that 

(7.16) K-^C72-'-^ > C2=^(^+i)e-"'' for j > j2, 
then the right hand side of fl7.14p is not less than 

^/xf(^2(2^))/if(f2(5((0,n-i?),i?),5(n))). 



67 



On the other hand, by the Connection lemma, we have 

> /xf (A2(5(0, n - 2^), 2^) n A,{S{0, n - 2^+'), 2^+^), S{n)) 



X 



16 \ 16 



Thus, we have 



Csn-' > C,^Cj2-^fi^{t2{S{{0,n-R),R),S{n))). 
Since 2^ < R < 2^~^^, this imphes the desired inequahty. 



7.3 Power law estimate for three-arm paths in half 
space 

As we explained in the introduction, our estimate for 3 arm paths is restricted 
to a special case: We define the event B^{2, l,R,n) to be the event such that 
two (+)-paths fi,f2 and one (— *)-path fg connect dS{R) with dinS{n) in 
{S{n) \ S{R)) n {x^ < 0}, and that these (+)-paths are separated by the 
(-*)-path in {S{n) \ S{R)) D {x^ < 0}. 

Let £^3(71) be the event that in the interior of S{ri) the following hold: 

1. The spin value at the top center point (0, n) is +. 

2. There is a (+)-path ri from {—l,n) to dinS{n). 

3. There is a (+)-path from (l,n) to dinS{n). 

4. There is a (— *)-path r\ from (0,n — 1) to dinS{n). 

Note that in the event Szip)i fiif^ are disjoint and are separated by r\. 
Let also Sl{n) be the event such that the roles of (+)- and (— *)-paths are 
interchanged in the above definition. The aim of this subsection is to prove 
the following theorem. 

Theorem 7.6. There exist positive constants Cu-Cu and an integer J3 > ji, 
depending only on So,ji and r], such that 

(7.17) < l^^{Ss{n)) < Ci2n-' 
for 2^1+5 <n< min{L(/i,£o), f }, and 

(7.18) C^J-] <//f(B+(2,l,i?,n)) <Ci4 
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for < R < n < 2'' < mm{L{h,eo), f }• The estimate flTTTl) is vahd for 
S^{n) in place of Ssi^n), too. The estimate (17.181) is vahd for B'^{1,2, R,n), 
too. 

Proof. Proof of fl7.18p from (I7.17P is analogous to the proof of (17.31) from 
(17.21) by using an extension argument. So we only prove (17. 2p . 

Let 71 = lZ{(jj) denote the lowest horizontal (+)-crossing. If lZ{uj) exists, 
then we can find some point v such that 

1. f is the highest point in TZ, and 

2. t; + (-1,0),^; + (1,0) G 7^. 

We call such w as a central highest point of TZ. Note that if v is the unique 
central highest point of TZ, then since TZ is the lowest (+)-crossing, there is 
a (— *)-path from v + (0, —1) to the bottom of S{n). Obviously, 

(7.19) /xf (there is a unique central highest point of 7^) < 1. 

For X G S{n/2), put 

H{x,n) = {v is the unique central highest point} . 
Since H{x,n) are disjoint, we have 

J2 l^f{H{x,n))<l. 

x€S{n/2) 

Let H{n) be the event such that all the following occur: 

1. The spin value at (0,n) is +. 

2. There exist (+)-paths 71, 73 in [— 2n, 2n] x [n/2, n] such that 71 connects 
(—1, n) with the left side of S{2n), and 73 connects (1, n) with the right 
side of S{2n). 

3- 7i \ does not intersect {x^ = n}. 

4. 73 \ {{l,n)} does not intersect {x^ = n}. 

5. There exists a (— *)-path 74 in [—n/2, n/2] x [— n, n] connecting (0, n—1) 
with the bottom side of S{n). 
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By definition H{n) is a subset of S:i{n). Tlien for x G S{n/2) let H{x,n) 
be tlie X translation of the event H{n) so that it is an event occurring in 
[—2n,2n] x [— n,n] + x. Note that for x G S{n/2), H{x,n) C H{x,n). 
Therefore we have 

(7.20) -/if(if(n))<l. 

In order to compare /if^-probabilities of S^ln) and H{n), we use the extension 
argument. Let us rewrite r3(5'(2-')) := £^3(2-') for j > ji. Then let A3(S'(2-')) 
be the subset of r3(S'(2-')) such that every crossing (+)-cluster and every 
crossing (— *)-cluster in Bi has an (?7,j)-fence for i = 1,3,4, where Bi^s cor- 
respond to S{2^). Also, let A3{S{2^)) be the subset of Ts{S{2^)) such that 
all the following occur. 

1. ri connects {—l,n) with the left side of S{2^), and connects (1,?^,) 
with the right side of S{2^). 

2. rl connects {0,n — 1) with the bottom side of S{2^). 

3. Vi n (Uj=i,3,4-Bj) C Ai for i = l,3. 

4. r* n (U,=i,3,4i3,) c A- 

Here ^'s correspond to 5(2-'), too. Then by the inwards extension argument 
we have 

(7.21) /if (A3(S(2^))) < Ci/if (A3(5(2^+i))) 

for 2-'^ < 2-' < 2-'+^ < min{L(/i, £0)5 y), and as a result we have 

/if(A3(5(2^)))>C-(^-^-^)C2, 

where we can take 

C2 = (l + e«/-^^)-#^(2n)_ 

Also, we have 

/.f (A3(5(2^))) < C3(r/)/if (A3(5(2^+i))) 
for 2^1 < 2^ < 2^+1 < min{L(/i,eo), f }, and 

(7.22) /if(r3(5(2^)))<K/.f(A3(5(2^))) 

for 2^1+3 < 2^' < min{L(/i,eo),f }• The constants Ci,Cs{7]) and are the 
same constants as in Lemmas 15.31 15.51 and 15. 6[ respectively. Let n > 2^^^^ 
and let 2^ < n < 2^^^. Let also E be the event such that 
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1. there exists a horizontal (+)-crossing in the rectangle 

[-2n, -2^ + 2^'^] X - 2^ - 2^-^, n - 2^ + 2^-\ 
and a horizontal (+)-crossing in 

\2^ - 2^'-^ 2n] X [n - 2^' - 2^"^ n - 2^' + 2^'-2], 

and 

2. there exists a vertical (— *)-crossing in 

[-2^'-2, 2^'-2] X [n - 2'^^ + 2-''-2, -n]. 

Then by the Connection lemma we have 

/.f(i?nA3(5(2^))) > (^y^^f (A3(5(2^))). 

Since E fl A3(5'(2-^)) is a subset of H{n), writing the constant in the right 
hand side in the above inequality by C*, we obtain 

(7.23) li^{H{n)) > C#/.f(A3(2^)) > C* R-^ ^^f {V,{S{2^))) . 

Since 

T,{S{2^))=£,{2^)^£{n), 

from (I7.20p and fl7.23p we obtain the upper bound in fl7.17p . 

Now we turn to the proof of the lower bound in fl7.17p . First we show 
that there is a constant > depending only on Eq such that 



(7.24) 



N 



f the highest point of the lowest (+)-crossing ^ \ ~> ^# 
Y in S{n) is only in S{n/2) J ~ ^ ' 



To do this let us introduce the following rectangles: 

T = hf, f ] X [-n, f], U, = [-n, f ] x [-f , 0], 

- [-2 ' ^ ^~ 8' 2J' - [- 2 ' 2J ^ ^"8"' 2J' 

f^4 = [f,f]x[-t4]' t/5 = [f,n]x[-f,0]. 

Then let U be the corridor made up by the union of U1-U5. By the Connec- 
tion lemma, we have 



there exists a (+)-path in U connecting \ § § 
jj^ ( {x^ = —n} with {x^ = n}, and 1 > ^^'^ =: Cf. 

there exists a vertical (— *)-crossing in T / 
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It is clear when the above event occurs, any of the highest points of TZ is in 
S{n/2). Let H{x,n) be the event such that x is a central highest point of 
the lowest (+)-crossing of S{n). Then the above inequality says that 

/.f I U H{x,n)] >C*. 

\xeSin/2) J 

By changing configurations in (*)-neighbors of x, we can obtain the event 
H(x + (0, l),n). By the finite energy property we have an absolute constant 
C J > such that 

l,^{H{x,n))<C*i,^{H{x+ {0,1))). 

Therefore we have 

J] l,^{H{x + {0,l),n))>{C*)-'C*. 

x€S(n/2) 

Note that for x e S{n/2), 

H{x + (0, 1), n) C r,{S{x + (0, 1 - f ), f )), 

where Fa (5(0, r)) denotes the a-translation of r3(5'(r)). Thus, by translation 
invariance we have 

A.f(i/(x+(0,l),n)) <A.f(£3(n/4)). 
This proves the lower bound. □ 
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8 Ising counterpart of Russo's formula 



8.1 Russo's formula 

In this section we present a version of Russo's formula for the Ising model. 
But we have to restrict events for which our version of Russo's formula can 
be applied, so we do not think that the present form is close to the final form. 
Still we can handle events with this version to obtain our main results. 

Before stating the result, we introduce some notations. We assume that 
1 <2'^ < N. For e S{2'^) and u e 9., let a;'' e Q denote the configuration 
obtained from cu by flipping the spin at x: 



u [X] 



uj{x), X v; 
-uj{v), X — V. 



Definition 8.1. Let A G J^s{2'') ^^'^ ^ S{2^). We say that v is pivotal for 
A in the configuration u if 

UH + = 1, 

i.e., oj and uj"" do not belong at the same time to either A or A'^. 
Let 

A^A = {a; e : v is pivotal for A in a;}, 

and 

^vA = {ui & A : V is not pivotal for A in a;}. 
Then we extend this notation to squares S. For V (ZT?, and ^,a; e O , let 

i{x), xeV- 

io{x), X ^ V. 



^v(^(x) 
Then we put 



. . f ^ there exist f , C G such that 
AsA ^ <uj eQ: . 4 1/. W4 
\ ^50; e A and (s^^ ^ A 

and 

DsA = {u e A: C.s^ e A for any ^ e Q} . 
It is clear that A \ AsA = DsA. Similar to (6.1), for 1 < j < k, let 

mj{v) := min{m > 1 : SJ'iv) D S{v,2-^\v\^)}, 

where R^{v) is defined as in section 5, starting from (5j(i>)'s. Finally, we 
introduce the support Supp(A) of the event A by 

Supp(>l) := {veZ'': A^A ^ 0}. 
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Theorem 8.2. Let 2^ < y and A G J^s{2'^)- Assume that A satisfies the 
foUowing condition (S). 

Condition (S) 

There exists l<jo<^~3,0<a<a/2 and 6 > such that for every 
V E Supp(y4), 

(8.1) /if (□^^^(.jA \ < 6e'^2^°"'"/if (A n A^A) 

for every t G [0, 1] and every 2 < m < mjg{v) — 1. 

Then there exist positive constants C15 and Ciq, which depend on a,b and 
jo such that for every > 2^"*"^, 



(8.2) 



d 
dt 



< 



\h — he 
KT 



Ci5 Yl /if(^nA,A) + Ci6/if(A) 

i>eSupp(A) 



Before going into the proof of this theorem, we remark that there is a 
primitive form of Ising version of Russo's formula which says that 



(8.3) 



d 
dt 



\h — he 



E^.[{u{v) - E^.[u;{v)]} : A] 



veS(N) 



for every A G J^s{n)- This can be obtained by direct differentiation. 
Proof of Theorem \8.^ For v G >S'(2'^), put 

z, = E^.[{uj{v)-E^.[u{v)]}:A]. 
If l^loo < 2-"^+^, then we simply use the fact that |cj(f)| < 1 to obtain 

(8.4) <2/^f(A). 

If f G Supp(y4) \ S{2^°^^), then mo := 'm.jo(w) > 2. Indeed, if mo = 1, then 
S]^{v) D ^(t;,2->|oo), and this implies that 2^°+^ > 2-^\v\^, i.e. 

which is impossible since by the choice of v.\v — v\oo < 2-'". Thus, we have 

(8.5) =E^^[{uj{v)-E^^[uj{v)]} : An A,A] 

+ E^m[{u{v) - E^m[u{v)]} : U,A \ U^.^^^^A] 

mp- l 

+ Y E,?[{i^{v) - E^.[u{v)]} : H^{v)] 

m=2 



JO 
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where we put 

Hm{v) = Dfj-M^ \ ^Rf+^v)^- 

For the first term in the right hand side of (18.51) . we also use the trivial 
estimate 



(8.6) 



E^N[{uiv) - E^N[uiv)]} : A n A,A] < 2/if (A n A,A). 
For the second term, we also have 

E^.[{uiv) - E^Mv)]} : D^A \ D^. ,.A] < (A \ D^. ..A). 



Note that if u E A \ (^-,^4, there exists a ^ G i7 such that ,^^2 (^^o; G 
A n A^A by changing configurations point by point. Therefore by the finite 

4/. 

energy property, we can find a constant Ci > 0, which depends only on jo, 
such that 



8.7) E.[{uj{v) - E^Mv)]} : D^A \ D^. ,.A] < Cffi^iA n A,A). 



ivy 



As for the third term, we can assume that mo = mj^lv) > 3. By the mixing 
property, 

(8.8) \E^N[{io{v) - E^.[io{v)]} : Hm{v)]\ < Cde-^'f.f {HUv)) , 

where we put d = doo{v, S'(2^) \ BJ^iv)). Then by the condition (S), 



(8.9) 

Note that 



since m > 2. This, together with (18. 8p and (18.91) implies that 
\E^n[{co{v) - E.[co{v)]} : HUv)]\ < 2C62^°+-e-("/2-»)2^°+'"/if (A n A^A). 



Therefore there exists a constant > 0, depending only on jo, a and 6, 
such that 

rrao-l 

(8.10) \E,n[{uj{v)-E^.[uj{v)]} : H^{v)]\ < Cffi^AnA^A). 

Finally, as for the fourth term in (18. 5p . we can assume that mo > 2 and 
therefore 



2io+mo+i > ^^^^^ ^(2^) \ irj^^'iv)) > 2^«+'"" - 2^« > 2^" 



+mo-l 
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Also by definition, 

and hence we have 2-'°"^'""+^ < |f |oo < 2-'''"''™'°"'"^. Therefore by the mixing 
property we have 

(8.11) 

Combining fl8.4p - fl8.lip . we obtain 

(8.12) Yl \^^\<ct E /if(^nA,A)+QV(A) 

i;eSupp(A) veSupp(A) 

for some positive constants Cf,Cf. Here, C* depends on a,b and jo; and 
Cf depends on jo- 

Now we turn to the sum of z„'s for v ^ Supp(y4). We only treat the case 
where < v'^ < v^, but other cases are treated in the same way by symmetry. 
Let Wq = Wo{A, v) denote a point in Supp(y4), such that 

ko - ^loo = doc{v, Supp(A)). 

If there are many of such points, we choose one of them in a specific way, say 
the youngest point in the lexicographic order. Then we have 

(8.13) =E^f[Mv) - E^.[u;{v)]} : A \ 

rrijQ (wo)-! 

+ E^n[{uj{v) - E^n[u{v)]} : □ _^.^(„o)^^^ A]. 

By the mixing property 

\E^m[{u;{v) - E^.[u;{v)]} : A \ < C^e^'^^f (A \ □^.^(^,)A), 

where = doo{v,Supp{A)). By the finite energy property the right hand 
side of the above inequality can be replaced with 

Cf4e-"">f(AnA^„A), 
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where Cf > is a constant depending only on jo- 



This estimates the first term in the right hand side of (18.131) . By the same 
argument as the one to obtain (18.101) . we have 

\E^m[{uj{v)-E^.[uj{v)]} : H^{wo)]\ < 6Crf„(t;)e-"^'»(^)+«2^'^"''"/if (AnA^^A), 

where we put 

dm{v) := d^{v, Supp(A) \ R]l{wo)) 

> max{(i^, doo{wo, Supp(y4) \ ^^(t^o)) - dy}. 

Note that dmiv) < d^ + 2-"'+™ and that 

-ad^miv) + a2^«+'" < - (I - a) max{24, 2^°+"^} + a2^^-\ 
Therefore we have 

\E^m[{uj{v) - E^Mv)]} : HUwo)]\ 



< 2 



12^0 - 



Summing up this over m's with 2 < m < mj^iwo) — 1, we can find a constant 

^6 



Cg > depending only on jo, o-i b, such that 



(8.14) 



m=l 

<C6#rf^e-(f-K^f(AnA^,A). 
By the mixing property, 



^.15) 



\io(v) — E,,n\ui(v)]} : D,m.,fwo) 



< Crfe-"Vf (^) 



where c? = dmj^(wQ){v). Hence, if |f |oo > 2-'"+^, then we have 
\zv\<C*dye-'"^^ J2 Aif(AnA^,A) 



+ C6#dSg"(t-")'^>f(AnA^„A) 
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tarn 



Summing up this inequality over t>'s outside Supp(y4), we obtc 

(8.16) Yl \^v\<C* Yl /if(^nA^A) + C8V(^), 

veS{N)\Snpp{A) «ieSupp(A) 

_LL J-L 

where > depends only on jo, c^, b and Cg > depends only on jo- 

fl8.12p and fl8.16p proves the theorem. □ 

When the event A is increasing we have much sharper lower bound. 

Lemma 8.3. Suppose that 2^"' < A^. There exists a positive absolute constant 
Ci7, such that for any increasing event A G ^^5(2*=), 

(8.17) Cn^-^^ E /.f(AnA.A)<|^f(A). 

t)eSupp(A) 

Proof. Since A and n^A are increasing events, for every v G S{N), 

E^N[{uiv) - E^M[uiv)]} : A] > 0, and 
E^M[{uiv)-E^M[uiv)]}:n,A]>0. 

Noting that A = (AD A^A) U n^A for each v, we have 

|/if(^)>^^ E E^.[{u:{v)-E^.[co{v)]}:AnA^A] 

veSupp(A) 

DeSupp(A) 

Since we assume that < h < 2hc(T), we remark that for every t G [0, 1], 

l-E,^K0)]>2/if(a;(0) = -l) 

>2(l + e(«+^'^^(^))/^^)"' >0. 

This completes the proof of fl8.17p . □ 

Remark 8.4. By the finite energy property, from fl8.17p there is an absolute 
constant C[j > such that 

?;SSupp(A) 

for every increasing event A G ^5(2*) • This may be more useful. 
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8.2 Russo's formula for crossing events and the one- 
arm event 

Let us give some of examples of events for which Theorem 18.21 is apphcable. 
We remark that the restriction that 2^ < L{h,eQ) in this section hereafter is 
not serious as before. 

The first example is the crossing event A'^{2'^ ,2^^), such that there exists 
a horizontal (+)-crossing in 5(2^). Since this event is increasing, we have: 

Corollary 8.5. Assume that 2-^^ < 2^^ < min{L(/i, eo), y}- Then there exist 
positive constants Cis, Cig, depending only on ji, Eq and rj, 

\h — hr 



-C[r E /^f(A.^^(2^2'=)) 

<|/.f(A+(2^2^•)) 



< 



\h — hc\ 
KT 



Yl /i^(^^(2^2'=)^A,A+(2^2'=)) 



+ Cl9/if(A+(2^2'=)) 

where C'^ is the same constant as in Remark 18. 4[ 

Proof. We check the condition (S). In this case, we take Jq = ji. Let 



G □^™(„)A+(2^ 2') \ □^.+.(,)A+(2^ 2'). 



Then there is a horizontal (+)-crossing r of S{2 ) such that r fl RJ^{v) = 0, 
and there are (— *)-paths r2,rl in S{2^) \ RJ^~^^{v) such that connects 
dRJ^^^v) with the top side of 5(2'=), and r* connects dRJ^-^^v) with the 
bottom side of 3(2''). As a result r intersects RJ^'^^{v). This means that 

uefiRf+\v),Si2')). 
Therefore we have to show that there are constants a > 0, 6 > such that 
(8.18) fi^{f{Rf+\v),S{2''))) < 6e'^2«+™^A'(^+(2fc,2'=) n A,A+(2^2'=)) 



for every 0<m<k — ji — 2. By Lemmas 15.71 and 15. 9[ we have 
(8.19) f^r{mT\v),Si2'))) 

<Kf^f{A{R]l^\v),S{2'))) 

<kCT^i,{K{Rl{v),S{2^)) 

<irCr(l + e(^"^+^)/^^)*^^'i("Vf(A.^"'(2',2'=)). 
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The last inequality is by the finite energy property. (I8.19p proves (I8.18p . □ 
The next example is the one-arm event. Let 

A{2'') := {there exists a (+)-path from O to dS{2'')}. 
and we put for 2^ < N, 

vrf(2'=):=/if(A(2'=)). 

Corollary 8.6. There exist positive constants C2o,C*2i, which depend on 
ji,eo, and r] such that 

(8.20) C[, (^^(^(2')) <|^f (2') 

Proof. Since 74(2^^) is increasing, the lower bound is a direct consequence 
of Remark 18.41 As for the upper bound, we check the condition (S). We 
put jo = ji, and v = v except when v = {±2^, ±2^), in which case we 
take V as the corner point of S{2^ — 1) nearest to v. Note that for each 
V e S{2^)\{{±2\±2'')}, 

□^.(,)A(2^') \n/j™+i(.)^(2') C fo(%+^(t;),5(2^)). 



Therefore by Lemmas 16.21 and 16.31 and the finite energy property, 
l^U^o{RT\^)^S{2^))) 

Therefore the condition (S) is satisfied. □ 



8.3 Russo's formula for four-arm paths 

In this subsection we derive an estimate for the event 

n{2^) := Ao(A+(2^2'=)) 

with which we can check the condition (S). We first note that f2(2^) can be 
written as the intersection of an increasing event and a decreasing event 
E_^. We first define to be the event such that 
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1. there exist (+)-paths ri,rs in S{2'^) \ {O}, ri connecting d{0} with 
the left side of S{2'') and ra connecting d{0} with the right side of 
5(2'=), and 

2. ri and rs are disjoint. 
Similarly, let be the event such that 

1. there exist (— *)-paths r2,rl in S'(2'=) \ {O}, r2 connecting (9*{0} with 
the top side of S{2'') and rl connecting d*{0} with the bottom side of 
S{2''), and 

2. r2 and r| are disjoint. 

Let ^; e ,5(2*^) be fixed. For < m < mj,{v) - 1, let f 5(2'=)) be 

the event such that all the following occur: 

1. There exist paths r^, r-j in S{2^)\R'-'^'^^{v) such that rs connects dR-'^'^^{v) 
with the left side of S{2^), and connects 97?™+^ (f) with right side 
of 5(2^=). Further, 

u}{x) = +1 for every x ^ {r^U r-j) \ {O}. 

2. There exist (*)-paths rl.rl in 5'(2'') \ i?™+^(w), such that rg connects 
d*RJ^^^{v) with the top side of S{2^), and connects d*RJ^\v) with 
the bottom side of S{2'^). Further, 

u}{x) = —1 for every a; G (rg U rg) \ {O}. 

3. At most one of r5,rg,r7,rg passes through O. 

Of course, if /?™^^(-?7) ^ S'™'^^(f), then we allow r7 to be an empty set, and 
if R™^^{v) 3 {2^, 2^), then we also allow rg to be an empty set. 

Let us take Bi's for R]l^\v). Then we define A^'^^Rf+^v) , S {2'')) as 
the subset of r*^*^)(i?™'^^(t;), 5(2'=)) such that any crossing (+)-cluster and 
any crossing (— *)-cluster in one of i3j's has an (?7, ji + m + l)-fence. Let us 
take AiS for ^j"^+^(v), too. Then let A(°\Rf+\v) , S {2'')) be the subset of 
r^^\Rf+\v), 5(2^=)) such that all the following occur: 

1. r5 n UjBj C Ai, and r| n UjBj C Aa- 

2. rg n UjBj C A2 if rg exists, and rr n UjBj C ^3 if ry exists. 
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3. There exists a vertical (+)-crossing in Ai, and if we use ^3, there exists 
a vertical (+)-crossing in ^3. 

4. There exists a horizontal (— *)-crossing in A^, and if we use A2, there 
exists a horizontal (— *)-crossing in ^3. 

With these definitions we can apply the outwards extension argument to 
obtain the following lemma. 

Lemma 8.7. Let 2^' < 2'^ < mm{L{h,€o), f }. Then we have for t e [0, 1] 
and for every 1 < m < mj^{v) — 1, 



(8.21) /if n A^..+.(„)E_, n A(o)(^-+^(t;), S{2')) 
and 

(8.22) /if (A^™H-.(,)i?+ n n m{Rl+\v), S{2')) 
<Ci/if (a^.(,)E+ n n A(°)(%(t;), S(2^))^ . 

Therefore if A is either 

n A^™(,)E_. n AW(i?-(t;), 5(2^)) 
A^™(,)E+ n n AW(%(t;), ^(2^=)), 



or 



then we have 



(8.23) /if (A) < C^-^Cr, 

where Ci and C2 are the same constants as in Lemma [5.31 

Proof. By iteration we have from f l8.2ip that 



/if (^A^.(,)i5;+ n D^^^^^E^^ n A(°)(%(i;), S(2^)) 
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Then by the finite energy property we can change the configuration inside 
the box _Rj^ (t>) to obtain 

which proves fl8.23p . Let us prove (18.211) . Assume that 

Then, since u G □j^m+i.N there exist disjoint (+)-paths ri,r3 in S'(2'^) 
Ji ^ ' 

outside R'^'^^{v), such that ri connects d{0} with the left side of S'(2'^) and 
r3 connects d{0} with the right side of 5(2^). Then the path r = riU{0}Ur3 
separates S{2'^) into two parts, above r and below r. Since RJ^'^^{v) does not 
intersect r, it is located above r or below r. Without loss of generality we 
can assume that RJ^'^^{v) is above r. 

Since u G A^m+i^^j£'_^,, there exist disjoint (*)-paths r2,rl, such that r2 

connects 9*{0} with the top side of 5(2'^), and connects d*{0} with the 
bottom side of 5'(2'^), and at any point x G U rl) \ _R™'"^^(t>), uj{x) = — 1. 
This means that can not cross r and it is a (— *)-path. Also r2 is forced 
to intersect R"^~^^{v) by our assumption that to G Aom+i. Therefore 

there is a (— *)-path rg" connecting (9*{0} with d*R^^^{v) and a (— *)-path 

connecting d*R!^^^^{v) with the top side of 5(2''). 

Since u G K^'^\RJ^^^{v), S{2^)), there is a (*)-path rl starting from 
of R^^^iy) connecting the bottom side of d*R^~^^{v) with the bottom side 
of S{2'') such that oj{x) = —1 for every x G rg \ {O}. This means that rg 
goes through O, and we can take rg" as a part of rg. Then r5,r7,rg can 
not pass through O by definition of A(°)(i?^'^^(t>), S'(2^)), therefore r^, are 
(+)-paths and rg is a (— *)-path, starting from ^1,^3 and ^1,25 respectively. 
Thus, as in the proof of Lemma IFTTl by the extension argument we can obtain 
(I8.2ip by extending r5,rg,r7,rg to dRJ^{v). The resulting configuration is 
surely in 

n A^.(,)E_. n A^'\R]:iv), 3(2')). 

In the same way we can prove (18.221) . □ 

By the same observation as in the above proof, we can obtain the following 
lemma. 
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Lemma 8.8. There exists a constant K^^\r]) > depending only on ji,€o 
and 1], such that for every < m < mj^{v) — 1, 



(8.24) l^A^..^^^n{2')n¥'\Rl-^\v),S{2')) 

+ /if f A^,.(.)i?+ n n^^^^^E.^ n AW(/?-(t;), 5(2^)) 



Jl ^ ' Jl ' 

Sm+1 / 



Proof. It is sufficient to show how to choose corridors in (v) \ Rj^{v). 
On Aj^m+i. -1^2(2'^), either of the following events occurs: 



- (■") 

^R]l+\v)E+ ^ ^Rf+\v)^-*- 

In the first two events, we can extend r^, rQ,rj, to d*Rj^{v) as in the above 
proof and in the proof of Lemma 15.81 to obtain 

n A^™(,)i^_, n A(°)(i?™(t;), 5(2'=)), or 

A^.(,)E+ n n A(°)(/?™(t;), 5(2^=)). 

So, the remaining case is when the third event occurs. Let u be an element 
of 

A^m + l. )fi(2'') n Aj^rn+1,.E+ f] A^m+l. 

Jl ^ ' 31 ^ ' 31 ^ ' 

Then we can find a configuration ( such that u' := (f,m+i,sU G ^2(2^). Let 

31 ^ ' 

r'j^,r3 be (+)-paths and r2 ,r*^ be (— *)-paths in uj' specified by the defini- 
tion of VL{2^). Then the choice of u implies that both r'^ U r'^ and rg' U r*^ 
intersect RY^^{v). We choose them such that the number q{uj') of elements 
in T2', T3, r4'} which intersect -R™^^(f) is minimal among all the possi- 
ble choice of T2', "^3, ^"4'} in uj' . Since uj G /S.j^m+i,.E^ fl Apm+i. 

'31 ^ ' 31 ^ ' 

g(u;')e {2,3,4}. 

Case 1: g(w') = 2. 

In this case, only one of {r'l^r'^} intersects RJ^^^{v) and only one of 
{r2,rl'} intersects RJ^'^^{v). Without loss of generality we can assume that 
r[ and r2 intersect i?™'^^(f). Then r'^ U rl' does not intersect R^~^^{v), and 
they are determined by cu outside R^~^^{v). 
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Let r'{ be the part of r[ connecting d{0} with dRY^'^^{v) and be the 
part of r[ connecting dRf+^{v) with the left side of S{2''). Also, let r^" 
be the part of r2 connecting d*{0} with d*RJ^^{v), and rg be the part of 
r2 connecting d*R^'^^{v) with the top side of S{2''). Then r'/, ra", r5, rg are 
determined by cu outside R^'^^{v). 

To obtain the event 

^R-(v)E+ n n A^'\Rf,{v), 5(2^)) 

by extension argument, we need one more (— *)-path t* which connects 
d*R"^_^^{v) with the bottom side of S'(2''), forcing r\ to intersect K'^^^{v). 
On A'^°)(i?™'"'"^(t;), 5(2'^)), every crossing (+) and (— *) cluster has an (r/, ji + 
m + l)-fence, r'l^r^' ^r'j^^rX ^T^^r\ and t* can be extended to c?i?™'(f). 

Let oi, 02, 05, oe and a* be endpoints of r", rg", r5, rg and T on d*R^^^{v), 
respectively. Starting from oi they are located in the clockwise direction in 
order of (X\ , O* , O5 , Og and 02 on d*K^^^{v). We choose corridors C/i, C/2, t^, ^4 
and C/5 in the following way. 

1. U\ connects 05 with the left side of R^{v). 

2. U2 connects Og with the top side of Rj^v). 

3. Us connects Oi with the right side of Rjl{v). 

4. U4 connects a* with the bottom side of 

5. C/5 connects 02 with 1/2- 

6. Ui, U2, Us, U4 are disjoint and U5 n (C/i U C/3 U C/4 U UBj) = 0. 

7. t/j n Ui^Bi C Aj, for J = 1, 2, 3, 4. 

Here, ^j's and Bj's correspond to Rjl{v). 

If R!J[{v) touches the right side of S'(2'^), then we can not find such a 
corridor f/5 since the above conditions require f/5 to go through right of 
Rj^{v). Otherwise it is possible to find such t/j's. So assume that Rjl{v) 
touches the right side of S{2'^). Then we choose corridors Ui, U2, U4 and C/5 
such that 

1. Ui connects 05 with the left side of i?™(f ). 

2. U2 connects Og with the top side of Rjl{v). 
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3. U4 connects 02 with the bottom side of FCj[{v). 

4. t/5 connects ai with Ui. 

5. C/i, C/2, C/4 are disjoint and C/5 n {U2 U C/4 U UBj) = 0. 

6. Uj n Ui,Bi C Aj, for j = 1, 2, 4. 
Then the resulting configuration is in 

Note also that when RJ^^^{v) 3 (2^, 2^^), then wc do not have rg. In this case, 
we simply connect with the left side of R"^{v) by a corridor Ui, 0,2 with 
the bottom side of R"l{v) by a corridor [/4, and ai with f/i by a corridor U^. 

If in addition R^^{v) does not touch the right side of S{2^)^ then we choose 
corridors U2 and f/3 to connect dR™^{v) right side of 5'(2'^), respectively. As 
before we can choose Ui, . . . , to be disjoint, Uj fl UjBi C Aj for each j, 
and 

c/5 n (c/2 u c/3 u c/4 u uA) = 

In the case where RJliv) touches the right side of S{2'^), we do not need 
C/3, and if 3 (2^, 2^=), we do not need C/2, either. 

Case 2: ^(a;') = 3. 

For simplicity, we consider the case where ^^"^^(v) = SJ^'^^{v). The 
argument for other cases are easily modified as before. 

Without loss of generality we can assume that r[ fl R^'^^{v) = 0. Then 
any of r2,r'^,rl' intersects RJ^'^'^{v). Let and rl" are defined as parts 
of r2 and rl' connecting d*{0} with d*K'Jl^^{v), and let r'^ be the part 
of Tg connecting d{0} with dR'J^^^{v). Also, we define rg as the part of 

connecting d*R'Jl'^^{v) with the top side of S{2''), rj be the part of rg 
connecting dR^'^^{v) with the right side of 5'(2'^), and rg be the part of rl' 
connecting d*RJ;^^{v) with the bottom side of S{2^). 

Let 02,03,04,06,07,08 be the endpoints on the boundary d*R'^'^^{v), of 
paths r2", r", r4", rg, r7, rg, respectively. Note that they are located on this 
boundary in the clockwise direction in order of 04, 03, 02, a^, 07, Og. 

To connect these point s with Ai^s of we do in the following way. 

We choose a corridor C/i to connect 02 with Ai, a corridor C/2 to connect A2 
with oe, C/3 to connect A3 with 07, and C/4 to connect A4 with og. Also, we 
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choose a corridor C/5 to connect 03 with U2, and C/g to connect ag with U4. 
Further, we choose C/i, . . . , C/4 to be disjoint, and 

U5 n {Ui U t/3 U t/4 U UiBi) = 0, t/e n (t/i U [/a U t/s U = 

as before. 

With this extension argument, we obtain the event 

Case 3: q{uj') = 4. 

In this case, from d*RJ^^^{v) there are (+)-paths r^^r-j and (— *)-paths 
Tq, Tg connecting with the left, right, top and the bottom sides of 

S{2^), respectively. Let 05, ae, 07 and ag be the endpoints of r5, rg, ry and rg 
on the boundary of Further, there are two (+)-paths r'{^r'l con- 

necting d{0} with dRJl^^iy) and two (— *)-paths r^' -iT^' connecting 9*{0} 
with (9*-R™^^(-u). Since r^,r%,r-j,r\ separate the region 5(2'') \ _R™'+^(f) into 
four parts, these four paths r'l^rl^' ^r'^^r*l' are located in one of these four 
parts. Without loss of generahty we can assume that they are located in the 
region between and rg 

Let 01,02,03,04 be the endpoints of {r'/, r2", rg, r4"} on the boundary of 
), respectively. Note that they are located on the boundary in a cyclic 
permutation of the order (04, 03, 02, Oi} when we go along the boundary from 
Og to 05 in the clockwise direction. There are two cases we have to consider. 
The first endpoint from rg in the clockwise direction belongs to a (— *)-path, 
or to a (+)-path. 

First, we consider the case where this first endpoint belongs to a (— *)- 
path, r2" or r4". Without loss of generality we can assume that 02 is the first 
point from ag. 

Then we choose the corridors in the following way to obtain a configura- 
tion in 

(8.25) ^R-^\.)E^ n n hS^\Rl{v\ S{2')) 

We choose Ui to connect Oi with the left side of R^^'^^{v) ending in Ai, U2 to 
connect ag with the top side of R^'^^{v) ending in A2, U3 to connect oy with 
the right side of i?™^^(f ) ending in ^1,3, and f/4 to connect Og with the bottom 
side of RJ^'^^{v) ending in A4. Ui, . . . , t/4 are disjoint. Also, we choose f/5 
to connect 03 with 05, outside UiBi, Uq to connect 02 with U2 outside UiBi, 
and U7 to connect 04 with U4 outside UiBi. t/5 is disjoint from all other Ui^s, 
C/g is disjoint from all other [/j's except U2, and U7 disjoint from all other 



87 



f/j's except f/4. The resulting configuration of tlie extension tlirougli tliese 
corridors is easily seen to be in fl8.25p . 

Second, we assume tliat tlie first point of {ai,...,a4} from ag in tlie 
clockwise direction belongs to a (+)-path. Without loss of generality, we can 
assume that ai is the first point. In this case, the endpoints are located in the 
clockwise order from Clg as Oil, 0-4, CI3, CL2' Then we can easily see that there is 
either a (+)-path s or a (— *)-path t* connecting a boundary point of RJ^^^{v) 

between ag and ai, with another boundary point of RJ^'^'^{v) between and 
a2. 

This is because in the configuration u', if oi is connected with 05 by r[ 
and if r[ does not contain such a (+)-path, then rl' and rg' inevitably go 
outside and go around the origin to enter RJ^'^^(v) again. As a 

consequence r^' contains such a (— *)-path t*. Also, if ai is connected with 
07, then 03 is connected with 05, and then r^' inevitably contains such a 
(-*)-path t*. 

So, without loss of generality we can assume that there is a (— *)-path 
t*. Let &i,&2 be the endpoints of t* such that bi is between ai and ag, and 
62 is between 02 and 05. In this case, we choose corridors Ui, . . . , f/g in the 
following way. 

1. Ui connects Oi with the left side of Kj^i^v), ending in Ai. 

2. U2 connects with the top side of KJ^i^v), ending in A2- 

3. f/3 connects 07 with the right side of Kj^{v), ending in ^3. 

4. f/4 connects ag with the bottom side of RJ^{v), ending in A4,. 

5. f/5 connects 03 with 05 outside UiBi. 

6. Uq connects 04 with U2 outside UiBi. 

7. U-j connects 02 with 62 outside UiBi. 

8. f/g connects hi with f/4 outside UiBi. 

9. Ui, ... ,1/7 except Uq are disjoint. 

10. Uq is disjoint from all other corridors except U2. 

11. f/g is disjoint from all other corridors except f/4. 

The procedure of choosing corridors is the same as before and the resulting 
configuration by extending (+)-paths and (— *)-paths through these corridors 
belongs to the event fl8.25|) . □ 
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Lemma 8.9. Let 2^^^^ < 2^ < min{L(/;,, eo)? y}- There exists a constant 
K^^\ri) depending only on ji, and rf such that for v G 5(2^) and < m < 
m* = mjj(t'), we have 

(8.26) /.f (f(°)(^-(.;),5(2'=)) n A^.(,)fi(2'=)) 

n A^„(,„)E_, n AW(i?-(t;), S{2')))] 

Proof. First, we prove fl8.26l) in the case where m = m\. When |f |oo ^ 2^~^, 
we can see that -R™^(f) = S™^^{v). Indeed, by definition, we have 

2h+^l > 2~^\v\^ > 2^'i+™i-^ - 2^\ 

Therefore if |f |oo < 2^^, 

dUQ,Sj}{v))<\vU + 2^^^^*^+2^' 

< (l + 2-2)|^;|^ + 2^'i+i + 2^'i 

< 2^^-1(1 + 2-^ + 2-3 + 2-^) = --2^ 

Also, from the above inequality 

2h+n.i ^ 2->|oo < 2'=-2. 

This implies that i3j's for Sj^^{v) is in 

5 • 2^ + 2^-^^ C 5(2^'). 

Hence, ^^"^^(w) = S^^'^iv). 

Further, if |f |oo > 2-'^"^^, then we have 

(8.27) d^iO,S;;'^iv))>^\vU 
because 

d^{o,s;;;^iv))>\v\^-2^^+"'*^-2^^ 
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In this case, we argue in the following way. Since 
A . fi(2'=) n fW(S';;^^(t;), 5(2'^)) C r(0, 5(2->U)) n T{S{2\v\^)Si2')), 

we first estimate the probability of the right hand side event. By the mixing 
property, 

(8.28) 

/xf (^r(0,5(2->U))nf(5(2|t;U)^(2^))^ 
<|/xf (r(0, S{2~'\vU) n r{S{2\vU, S{2'))) + c(2->U)'^e-°H^/2 

x/.f(f(^(2|t;U),^(2^)). 
From Lemma 15.51 we have 

/if(r(o,s(2->U))) >/if(A(o,2^-i+-^)) >C2cr^ 

If 

3 



^.29) ^(^) e-"!''!-/' < 



then this implies that 

/.f (r(0, 5(2->U))) - C(2->U)2M2^e-"l''l-/^ 

>(i-2-V^(r(o,^(2-3K;U))). 

From the definition of m*, -^^y^ > 2™'i+-'^ So if we put js > ji as the smallest 
number satisfying 

(8.30) CnV"" < ^2^1^^°^'" for every n > 2^^ 
then ^ 

if 

(8.31) mt+ii>j3. 
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Note that J3 depends only on Ci and C2, which depend only on £0 Sund ji. 
So, assume that f l8.3ip is true. Then we have from (18.2 



(8.32) /if (^r(0, S{2'^\vU) n r{Si2\vU, S{2'')) 

<il-2-^)^^f{mSi2-M^)))^^f{t{S{2\vU,Si2'))). 
By Lemmas 15.61 and 15.91 the right hand side of (18.321) is bounded from above 

by 

Kk{l - 2-^)-Vf (A(0, S{2~'\vU))fif{A{S{2\vU, S{2'))). 
Again by the mixing property and fl8.30p . this is bounded from above by 

KK{1 - 2-4)-Vf (A(0, S(2->U)) n A{S{2\vU, S{2''))). 
if fl8.31l) is satisfied. But it is easy to find corridors in the event 
A(0, S(2->U)) n A{S{2\vU, S{2')), 

to connect Ai's of S'(2^^|t>|oo) with ^j's of Sj^^{v) or ^j's of 5'(2|t>|oo) to 
obtain 

The width of these corridors is 2~^|f |oo, and the length of them are not larger 
than 8|f |oo, and the ratio is bounded by an absolute constant. Therefore by 
the connection lemma, there exists a constant Ci > depending only on £0 
and ji, such that 

//f (r(0, 5(2-VU)) n f(5(2|t;U), 5(2^-))) 
<C*KK{l-2~r'f^f{^,^lE^nA^'\Sp{v),S{2''))) 

under the condition that f l8.3ip is satisfied. The outward extension argument 
then proves the desired inequality in this case. Indeed, for < m < m* — 1, 
we have as in Lemmas 15.61 and 15.91 

/xf(f(°)(5™(t;),S(2'=))nA5^^(.)r](2^)) 

</xf(A(°)(^-(t;),5(2^))) 

+ (f (°H^r'(^)' ^(2')) n A,.+.(,„)n(2^)) 

mj— m— 1 

< 5Vf(f(°H^r'(^)'^(2'))nA,...(,)f](2^)) 

£=0 
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By Lemma I8.8[ the first summation is bounded by 

mj— m— 1 

Also, the last term is bounded from above by 

under the condition that v satisfies (18.311) . Then by Lemma [8.71 we obtain 
that there is some constant Cf{r]) > depending only on eo,ji,ri, 

< J2 (5C'0'+^{/xf(A5^(.)i?+nn5;;(.)i?-.nAW(^-(t;),^(2'=))) 

+ /xf n A<,^(.)E_, n AW(5-(t;), S{2'))) } 

+ (A5^^(.)i?+ n □5^^(.)i?-. n AW(5™(t;), ^(2^))) 

=Cf{v) [/if (Ac,^(,)i?+ n Ds^^^.^E^. n A^'HSJ^iv), S{2'))) 
n As^^^.)E_^ n AW(5™(t;), S{2'^))) . 

If flOB does not hold for v, then \v\oo < 2^i+'"i+3 < 2^''+^. So, putting 
j4 = maxjja + 3,ji + 5} we use the finite energy property to obtain the 
desired inequality when |f |oo < 2-'*. 

It still remains to consider the case where v G S{2'^) \ S'(2^~^). In this 
case we do not have to use S{2\v\oo), and we argue in the following way. We 
start with the trivial inclusion 

A^^^(,)fi(2'=)nfW(i?,,(t;),S(2^))cr(0,2->U). 

Since we can see that 

t/oo(i?;^^(t;),S(2->U)) > 2->U, 

and \voo\ > 2''^^, we can arrange corridors to obtain 

A^,„(,)E+ n n a('\rj:{v), S{2'')) 

from the event A(0, S{2~^\v\oo))- By Lemma and the Connection lemma, 
we obtain the desired inequality for m = m* in this case, too. The rest is 
usual outwards extension argument. □ 



92 



Theorem 8.10. Assume that 2-'^ + 5 < 2 < mm{L{h, Eq), y}, where j'a > ji 
is given by the smallest number satisfying fl8.3UI) . Then there exist positive 
constants C22, C23, depending only on ji,eo and 77, such that 



(8.33) 



d 



< 



dt 
h- he 



C22fir {n{2')) + Yl f^H^M^')) 



Proof. We check the condition (S). Note first that 

for V G 5(2'^) and 1 < m < m\ — 1. To see this, first we note that if 



a;Gn^.(,)r](2'=)\n^..+i(,)l](2'=), 

then VL{2^) occurs, but if we change the configuration in i?™'"*"^(t>) suitably, 
then $7(2*^) does not occur in the resulting configuration. Therefore we can see 
that (jj G Arsm+i. xf2(2'^). this implies that at least one of ri, rs, r\ is forced 

to go through R^^^iy). without loss of generality we can assume that ri is 
forced to go through E™^^{v). Then there exist (— *)-paths rg and rg con- 
necting dBJ^^^iy) with the top and the bottom sides of 5'(2'^), respectively, 
such that they force n to go through RJ;^\v). Then, V^^\Rf+\v), S{2^)) 
occurs in u. 

Next, by Lemmas 18.91 and 18. 7[ we have 

(8.34) /if (A^.+.(,)fi(2'=) nfW(i?-+i(t;),^(2'=))) 

+ /if n A^.^(,)i5;_. n K^'\Rl{v), s{2^))) } . 

by the finite energy property we obtain from this that the right hand side of 
fOI]) is bounded by 



X 



/if (A,r](2^) n^](2*^)). 



Thus, the condition (S) is satisfied. 



□ 
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9 Branching argument 

Here we present a variant of Lemma 7 of fTT] whose proof is essentially the 
same as the original one. Only we have to use a lower bound in the extension 
of Russo's formula and the Connection lemma instead of independence. 

Lemma 9.1 (cf. ^llj Lemma 7). Let 2^^+^ < 2^ < min{L, f }. Then there 
exist constants C24 > 0, C > 0, which depend only on ji, Eq and r], such that 
for ji + 5 < j < k, we have 



(9.1) fdt ^-^^f^tinv^sin) 



Proof. The strategy is just the same as in [11]. It is sufficient to show for 
j < k — 11, V E S{2^~^), < t < 1, and some constant Cf which depends 
only on ji, £0 and r], 



(9.2) 2^(^-^) {/if (A(t;, ^(2^))) - C2^(J+^'>e-^^'^" 

< cf {v + 2^"^^n is pivotal for A+(2^ 2'=)) , 

n 

where denotes the summation over all n's in such that 

n 

(9.3) 5(2-'+2n,2-'+') C 5(2^=-=^). 
Indeed, from Remark 18. 4[ we have 

(9.4) ^^EVf (^ + 2^"''n is pivotal for A+(2^ 2'=)) 

DeS(2J-2) n 

<C[,j^l^r{AH2\2')). 

We sum up (19.21) over t>'s in S{2^^^), and then use (19.41) to integrate the 
resulting inequality in t G [0, 1]. Then we obtain 



(9.5) 



i>e5(2J-2) 
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From Lemma 15.61 we have 

(9.6) (A(t;, 5(2^))) > K^,^ {V{v, S{2^))) 

This, together with ( 19. 5 p imphes the inequahty fl9.ip . 

For the case k — 11 < j < k, the argument in [Hj is vahd. But for the 
completeness we repeat the proof. By Lemma 15.61 and Remark 18. 4[ we have 



<K is pivotal for A+(2^ 2^)) 

i;e5(2J-2) 

<C*|/.f (A+(2^2^)), 

where Cf depends only on ji, and rj. Therefore integrating this inequality 
in t from to 1, we obtain 



(9.7) 



Thus, taking C24 larger than 2^°^C*, we have (19. ip for k — 11 < j < k. 

So, hereafter we assume that j < k — 11. If we take n satisfying (19.31) . 
then we have for v G S{2^''^), 

/if {v + 2^+2n is pivotal for A+(2^ 2*=)) > /if {A{v + 2^+\ 5(2^))) . 

By the mixing property, the Connection lemma. Lemmas 15.61 and 15.91 the 
right hand side of the above inequality is not less than 



Cf/if (^A(5(2^'+2n, 2^'+2), 5(2^=)) 

X |/if (A(t; + 2^+V5(2^+2n,2^+^))) -C230+^)e-"2''^'} 
>C#/if (f(S(2^+V2^+^),5(2'^))) 

X |/if {T{v + 2^+2n, S{2^+^n, 2^+'))) - C2^U+^^e-''^'^" } 
= Cf/if (f(S(2^+V2^+^),5(2^))) 

X {/if (r(t;, ^(2^+1))) - ^230+1)6-2^^^ I . 
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The last equality is because of the translation invariance of /if. The constants 
C and Cf depend only on ji, rj and Eq. 

Summing up this inequality with respect to n which satisfy (19.31) . we 
obtain 

{v + 2^+'n is pivotal for A+(2^ 2*^)) 

n 

> C* j/if {T{v, S{2^+'))) - C'23(^+i)e-°2^^^} 
xJ^Vf (f(^(2^'+V2^+^),5(2'^))). 

n 

Thus, by Remark 18. 4[ we only have to show that 

(9.8) 2«'=-^) < Ce^^Vf (f (5(2^+2n, 2^+^), ^(2'=))) . 

n 

The constant Cg depends only on ji^rj and Eq. 

Let TZ = TZ{u) be the lowest horizontal (+)-crossing of S{2^). First we 
show that 

/if (7^ exists in [-2^ 2^=] x [-2^-\2''~^]) > ^5ls5i > 0. 

As in [TT] we have to note that the event in the right hand side of the above 
inequality occurs when 

1. there is a horizontal (+)-crossing in [—2^,2^] x [|2'''^^, 2^"''], and 

2. there is a horizontal (— *)-crossing in [— 2'^,2'^] x [— 2*^^"^, — 12^'^'^] and 
it is connected by a (— *)-path with the bottom of S{2''). 

The /tf -probability of the first event is not less than 548, and the probability 
of the second event is by the FKG inequality not less than S^gSi- Since the 
first and the second events are occuring in distance not less than |2'^~'^, the 
/if -probability that the both events occur is not less than 

6ls6, - C2''e-''P'-\ 

The conditions (15. 6p . (15. 7p and (I5.14p assures that this is not less than 61^/2. 

Next, let us fix a horizontal crossing tq of [— 2'^,2^] x [—2'^"'', 2'^"'^]. By 
the Connection lemma, the /if ( -171 = ro)-probability of the event that there 
is a (— *)-path in [—2^~^, 2''"^] x [—2^, 2^] connecting the top side of S{2'') 
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with d*rQ is not less than jS^s- Further, if this event occurs, we write the 
leftmost one of such (— *)-paths by S*. We condition on the event 

{7^ = ro, S* = s*}. 

and denote by fi the conditional probability; 

/i:=/if(- \n = ro, S* = s*). 

Denote the point by w such that s* connects d*{w} with the top side of 
S{2''). If there are more than one such points, then we take the rightmost 
one in tq. Let S' be the region in 5(2'^) which is above vq and to the right of 
s*. The lower boundary of S' is a part of tq that connects w with the right 
side of S{2''). We write this (+)-path by r. Let us take a f G S{2^~'^) and a 
vector n which satisfies fl9.3l) and 

S(2^'+2n, 2^'+i) n r ^ 0. 

If there exists a (— *)-path in S' that connects s* with S'(2''^^n, 2-'^^), then 
r(5'(2-'+^n, 2-'+^), 5(2'^)) occurs, since we are conditioning on the event 

{7^ = ro, S* = s*}. 

In particular, if the box S'(2''^^n, 2-'^^) intersects both s* and r, then the 
event T{S{2^+^n,2^+^), S{2^)) occurs. 

Let i be an integer such that j + 5<i<k — 6. For this i, note that the 
condition 

S{2^+^n, 2^'+i)n5(w,3-20 7^0 

implies that S{2^+^n,2^+^) C S{2''~^). 

For fixed j < k — with j + 5<£<A; — 6, n = {rii, ^2) G Z^, and 
a horizontal crossing ro of [— 2'^,2'^] x [— 2^^"^, 2^~^], a point w in tq, and a 
(*)-path s* connecting d*{w} with the top of S{2'^) above ro, we define 

(9.9) Y{n,w,i,ro,s*) 

' 1 if ^(2J+2n, 2^+1) intersects both ro and S[w, 3-2^), 

and there exists a (— *)-path t* connecting S'(2''~*"^n, 2-^^^) 
with s* in S{w, 3 ■ 2^) (t* can be part of s*), 

^0 otherwise. 

Note that if ^ (n, w, £, vq, s*) = 1, then the event 

f(5(2^+2n, 2^+1), 5(2'=)) 
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occurs, provided that TZ — Tq and that s* is a (— *)-path. 
Finally, we put 



(9.10) 



Z{t) =min£; 



^y(n,'u;,£,ro,s*) 



S{2'^)\S' 



where 5" is the region in S{2^) above tq and right to s*. Also, the minimum 
is taken over all of the following; 

1. t with < t < 1, 

2. horizontal crossing tq of [— 2*^,2''] x [— 2^""*^, 2^""^], 

3. w e ro such that 3 • 2^) C S{2^), 

4. (*)-path s* that connects d*{w} with the top of S{2^) above Tq, 

5. u} satisfying 

(a) u{u) = — 1 for every u & s* , and 

(b) n{uj) = ro. 

Consider an annulus A(^{w) = S{w,2^^^) \ S{w,2^) and take a point Wi e 
74^(w) that is on tq between ty and the right side of S{2'^). Then S{wi,3 ■ 
2^-4) C S{w,3-2^), and 

3 -2^-^)0 5(^1, 3 -2^-^) =0 

So, if there is a (— *)-path t* in Af {w) that connects s* with a (*)-adjacent 
point of Wi above tq, then we can find a (— *)-path connecting the top of 
S{2^) with wi above ro by first going down along s* until we get to the point 
where t* starts and then switching to t* until we reach Wi. Then in this case 
we have 

^Y{n,w,i, ro,s*) 

n 

> J2 ^(n, w,e-4, ro, s*) + J2 ^(n, ^'^i, ^ - 4, ro, si). 

n n 

Recall that r denotes the part of ro that connects w with the right side of 
S{2'^), and define the following event; 



there exists a (— *)-path in S' fl ^^(w) 
connecting s* with r 
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Then by the Connection lemma, we have 



1 



# 



On this event, we can take t* the minimal (— *)-path connecting s* with a 
(*)-neighbour of r in S" H Ai{w), and Wi as a point in r that is (*)-neighbour 
to t*. Thus, we have 



^y(n,w,£-4,ro,, 

n 

> (l + Cf) Z{i-A). 



>Ef, 



+ Ef, 



^r(n,Wi,£-4,ro,s*);E^(r, s* 



is easy to notice 



The above argument depends on the definition of jl, but it i 
that we can repeat this argument for 

r(n,wi,£-4,ro,st) 

with respect to the conditional probability 

/^f (■ I '^5(2fe)\5()(w), 

where S[ is the region in 5(2'^) above ro and right to si, and that u satisfies 
71 = ro, u{u) = —l,u G si- Then recursively we obtain for some p G 
{1,2,3,4}, 

^W>(l + Cf)3(^-^--^)Z(j+p), 

where i — j = p (mod 4), and by definition Z{j + p) > I. 

Thus, taking C = ilog2(l + C*) andi = k - Q, C* = 2{5l^5iy^{l + 
Cf)^/\ we have 1^. □ 
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10 Proof of Kesten-Theorem 1 

Theorem 10.1 (cf. [H] Theorem 1). There exist constants < (725,6*26 < 
oo, depending only on ji and Eq, such that 

(10.1) C25<^^^<C2<i for cdln< L{h, Bo). 

Proof. It suffices to prove (110.11) for vr^ [n) and vr^(?T-) with sufficiently large 
A^. We define 

vrf H := /if (O A 9,„5(n)) . 
Let n < L{h,eo) and k = [log2?2j. By monotonicity we have 

(10.2) vrf (2^+1) < vrf (n) < vrf (2^). 

Also, by Lemma [22] and the FKG inequality, there exists a constant Cf" > 
such that 

(10.3) vrf (2^^+^) > cf vrf (2^=). 

This constant Cf depends only on Eq. Therefore we only have to show (110. ip 
for 2^ instead of n. 

By Theorem 18. 6t we have 

(10.4) |<(2'=) 

+ C* /^t^ is pivotal for {O A d,nS{2'')}) \ . 

?;e5(2'=)\5(2Ji+5) ^ 

1) First, we consider w's with 2^'^'^^ < \v\oo < 2^^^ Let + 5 < j < k — 2, 
and take v with 2^ < \v\oo < 2-'+^ Write 

Q,.,iiui2) ■■= [0,2^-']' + 2^-'iiij2). 

Then v belongs to at least one of Qj^^ih^h) with —2^ < £1,^2 < 2^. Let us 
assume that Qj_^{ii,i2) D Qj-^i^v). Then, since Sj_^{v) C 5'(2'^), we have 

(10.5) /if (t; is pivotal for {O A dinS{2^)}) 

< i,^{T{v,Sl,iv))nToiSl,{v),Si2''))). 
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By the mixing property the right hand side of (llU.Sp is bounded from above 
by 



(10.6) f^r{USU{v),S{2'))) {f,f{T{v,S]_,{v)))+C2'^^-'^ 



Let 5(5'|„5(t;),5(2^)) be the event that 

1. there is a (+)-path r in S{2^) connecting the origin with S'^_^{v), and 

2. there is a (+)-path r' in S{2^) connecting S'j_^{y) with dinS{2^). 

Note that Vo{S^^_^{y), S{2^)) is a subset of B{S^^_^{v), S{2^)), and by the 
FKG inequahty, we have 

(10.7) /if (5(S|_5(t;),5(2^-))) < 6,'7:f{2'). 
Thus, by ffTTm - ffnTTjl . we have 

(10.8) ^^f{v is pivotal for {O A 9i„S(2^)}) 

< (2^) {/if (r(i;, 5|_,(.))) + C230-^)e-"^- 

Summing up fllO.Sp over t>'s in a Qj_^{ii, £2), we obtain 

(10.9) J2 l^^i'^ is pivotal for {O A 9i„^(2'=)}) 

<5rV(2'=)| _E /^f(r(.,5|,5(-)))+C^2^^^'"^^e 



Since /if is translation invariant, 

/xf(r(^,5j_,(tO))< E /if(r(t;,5(2^-^))). 

«GQ^_5(£i/2) t;e5(2J-5) 

Therefore summing up (110. 9p over ii,i2^s with —2^ < £1,^2 < 2^, we obtain 
^ fi^{v is pivotal for {O ^ 9,„S(2'^)}) 

2J<|i)|oo<2J+l 



<QV(2'^)<| E ^f(r(t;,^(2^-^)))+C2^(^--^)e- 

i)eS(2J-5) 
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a2J- 



for some positive constant Cf depending only on ji,£o aiid r]. Finally per- 
forming the summation over j's we obtain 

(10.10) is pivotal for {O A 9i„S(2'=)}) 

[i=ii+5t)eS'(2^-5) 

for some constant C*, which depends only on ji,£o and rj. 

2) Second, let us consider the case where 2^~^ < \v\oo < 2^. This time we 
consider SI_q{v). If SI_q{v) C 5'(2'^), then we also obtain 

(10.11) fif{v is pivotal for {O ^ dinS{2'')}) 

in the same way as (110.81) . By applying Lemma [531 similar to (19.61) . we obtain 

and then we apply Lemma 15.31 four times to obtain 

(10.12) f,^{A{v,Sl_,{v))) 

<C*^^^{A{v,S{2'^))) 

< Cffi^{v is pivotal for A+(2^2'=)) 

for some positive constant Cf depending only on ji,eo and r]. If 5'|_g(f) ^ 
5(2'^), then we consider T|_g(f), and we have 

(10.13) /if (t; is pivotal for {O ^ dinS{2'')}) 
As above by Lemma 15.61 and Lemma 15. 3^ we have 

(10.14) i^nnv.Ti.m 

<C#/if(A(^,5(2^))) 

< C*ii^{v is pivotal for A+(2^2'=)). 
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Thus, from ffTim]) - ffTimi) . we obtain 

(10.15) J2 l^^{v is pivotal hi {O A dinS {2'')}) 

< C^Trf (2'=) I J2 /^f is pivotal for A+{2\ 2'=)) + 1 

for some positive constant Cf depending only on ji,£o and rj. 
Combining ( H^ . ( 110. lOp and (llO.lSp . we obtain 

(10.16) |log^*''(2') 



k-l 



j=ii+5«e5(2J-5) 



+ J] fif{v is pivotal for v4+(2^ 2^=)) 

2'^-l<|v|oo<2* 

for some positive constant C{q depending only on ji,eo and r/. Integrating 
(110. 16p with respect to t G [0, 1], we obtain 



(10.17) 



7rf(2^) 



By Lemma the right hand side of (110. 17p is bounded by 

E (2^(-^) + \!^2^i^-%^--^') + + 1 

I i=ii+5 ^ ^ 

which is a constant depending only on ji, and eo- D 
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11 Proof of Kesten-Theorem 2 

Theorem 11.1 (cf. [IT] Theorem 2). For h > h^, 

7rcr{L{h,eo)) < C27TTh{L{h,eo)) 

< C28'n-hiL{h,eo)) 

< C29TrcT{L{h,eo)). 

Proof. Essentially, the only thing to be proved is the second inequality. But 
in order to use Theorem IIO.H we have to remark that (110.11) is valid for 
n < 2L{h,eo) — 2 when we replace the constants C25 and C26 with 

(11-1) C'25 = ^1^2C25, C'26 = {^4^2y^C26. 

In particular, (110. ip is valid for n = L{h,eo), too, with the constants C25 
and Cgg above. Let L = L{h,eo). By a standard construction together with 
Lemma 12.21 and Lemma 12. 3^ we can see that 

(O A dinS{L), and there exists a (+)-circuit 
surrounding S{L/2) in S{L) \ S{L/2) 
which is (+)-connected to the infinite (+)-cluster 

00 

>riH{L)-6t62-l[{l-Xe'"). 

n=l 

□ 



104 



12 Proof of Kesten-Corollary 1 and Kesten- 
Theorem 3 



The argument in this section is vahd both for (+)- and (—*) -connect ion. As 
usual we state resuhs only for (+)-connection. 

12.1 One-arm event 

Lemma 12.1. Let Lq be a constant such that Lq > 671,3(8, eo)- Then there 
exists a constant C30 > depending only on LQ,eo, such that for Lq < n < 
L{h,eo), 

n 

(12.1) {n - L^)7,h{n) < ^ T,h{k) < C^oi'^n - L^)TXh{n) 

k=Lo+l 

As mentioned in [9], this implies that mTh{n) is essentially increasing, and 
therefore 

Mn) > ^. 

n 

for some constant Cg^ > depending only on Lq and Eq. Then inserting this 
into (112. ip repeatedly, we obtain for m > 1, 

for some constant C'^ilm) > 0, depending on Lo,m, and eo for every m > 1. 
The proof of the Lemma 112.11 is similar to the original one in |9j . Only we 
have to use the connection lemma instead of independence. 

Proof. The first inequality immediately follows from the fact that ntik) is 
decreasing in k. 
Let 

S'^{n) := {ix^x"^) ■.-n<xi<n} 

and 

Lq <k < 2n, such that 1 
■ (0,A;) ^ {x^ =n} in S°°(n) J ' 

By the translation invariance, 

(12.2) EtAVu] = {2n - Lo)/ir,/.(0 A {x' = n} in S^{n)) 

< {2n - Lo)7ih{n), 
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where Et^h denotes the expectation with respect to fiT,h- We define 

:= {there exists a horizontal (+)-crossing in [— n, n] x [0,n]}. 

For u G E^, let TZ = lZ{uj) denote the lowest horizontal (+)-crossing in 
[—n,n\ X [0,^]. Put 

{n \ fr. l^ Lo<k<2n, (0, k) is above 7^, and 1 
on (E+y. 

Note that Vn >Vn, and 

(12.3) > ET,h [Vn] = Et,h [K : E+] =Y, Et^h : 7^ = i?] , 

where denotes the summation over all horizontal crossings R in [— n, n] x 
[0, n]. Now we fix such a crossing arbitrarily, and define 

v* = v*{R) = {Q,kl) 
as the highest point of {x^ = 0} fl i?. Then we have 

(12.4) ET,h[Vn:n = R] 

>^lT,h[n = R) J2 f^T,h{iO,k*+i)^RmS^in)\n = R), 

l=Lo+l 

Since k^ < n, the right hand side of (112.41) is not less than 

n 

fiT,h{n = R) f^T,h{{0,k; + i)^RmS'^{n)\n = R). 

e=Lo+i 

Now for each i < n, we define an annulus 

M^) ■= { ( [-f > f ] X [-1^- 1^]) \ ( hi |] X K ^]) } + (0' K + 

Since 

71 

d^{Aii),S^{nr)>-, 

we can see that A{i) C S'^{n). The highest point v* of R divides R into two 
parts, which are denoted by Ri and R2, respectively. Let A'^{i) be a portion 
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of A{i) above R, in which Ri can be connected to R2] Ui? can contain 

a circuit surrounding (0, + i). We consider the event 

{there is a (+)-path r in A~^{i) 
such that r connects Ri with R2, and 
A~^{i) U -R contains a (+)-circuit surrounding (0, + i 

By the condition that Lq > 6723(8, eo), if £ > Lq, then we can use the Con- 
nection lemma, and obtain 

;.^,.(F+(£)|7^ = i^)> (^y=: C* > 0. 

For u G F~^{i), we denote the maximal (+)-circuit surrounding (0, k^ + £) in 
y4+(£) U i? by C. By the Markov property, the FKG inequality and ([23S]), 

AiT,/x((0, A;^ + ^ in | 7^ = i?, C = C) 

>fiT,h{{0,k* + i)^C) >iTH{2e), 

where 9c is the interior of the circuit C. Since i <n < L{h,eo), the right 
hand side is bounded from below by Sj627ih{£)- Thus we have 

/iT,h((0, k*+i)^Rm \n = R) 

> i^T,h{{{0, k* + i)<^R in n \TZ = R) 

= J2l^T,h{{0,k*+£) ^Rin 5°°(n) |7^ = R, C = C)^T,h{C = C\TZ = R) 

c 

> St62'Kh{i)fiT,h{F+{i) \n = R)> Cfcfn^ii), 

where Cf := 6f62- Together with (112.41) . this implies that 

n 

ET,h[Vn:'}Z = R\>fiT,h{n = R)C*C* J2 ^^^W- 

e=La+l 

n 

ET,h[Vn]>fiT4E+)C*C* -^hii). 

e=Lo+i 

Since fiT,h{En) > ^2 by (12:421) . ^2?^ implies that 

n 

{2n-L,)Ti,Xn)>C*C*52 

i=Lo+l 

which proves the desired upper bound. □ 
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12.2 Connectivity function 

For X e Z^, let 

rcr(0,a;) := yUcr(0 A x). 

Lemma 12.2 (cf. [lUj Lemma). There exist C32 and C33, depending only 
on £05 such that 

C32Vrcr(|a;|oo)^ < rcr(0,x) < C337rcr(|x|oo)^ 

for all X eZ"^. 

Proof. For the upper bound, note that 

/icr(0 ^ x) < /icr(0 A dinS{\x\oo/4:), X ^ dinS{x, |x|oo/4)). 

Using the mixing property, the translation-invariance, fl7.ip . and (12.451) . we 
have 



rc.(0,x) < 7re,(|a:U/4)^ + C ■ ^ ■ e^l^l-/^ < CsTTcM 



X 



For the lower bound, note that 



/'r-k ^ \ f O ^ c^m'S'(2|a;|oo), x A dinS(2\x\oo), \ 
\there exists a (+j-circuit m D(2|a;|ooj \ >j(,F|ooj / 

and 

{X O 9,„5(2|s|oo)) > f^cr{x ^ dinS i^X , 3\x\oq)^ — ''T"cr(3|x|oo). 

Using the FKG inequahty, flT12]) and (EISD, we have 

T-cr(0, X) > 7rcr(2|x|oo) • Vrcr(3|x|oo) " > C327rcr ( | X |oo) ^• 



12.3 Radius and volume of a percolation cluster 

We introduce the radius of the (+)-cluster Cq containing the origin: 

R = i?(C+) := max{|f loo : v E C+}. 



□ 
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Lemma 12.3 (cf. [TU] (10)). Let > n2 be given by 



(12.5) 

Then we have 
(12.6) 

for every < n < L{h, Sq). 

Note that 2^^^^ > ng by flETi]) . 
Proof. Note that 



^4 

2C?7.^e~""/^ < — for every n > n^. 
2 



^4 

I^T,h{n < R < 2n) > -j-TThi 



n] 



IJ'T,h {n< R<2n) > ^T,h 
By the mixing property, fl2.44p . and (112. 6p . we have 



O A dS{n), 
there exists a (— *)-circuit in S{2n) \ S{3n/2) 



fiT,h{n <R<2n)> TXh{n) ■ 5^ - 2C7V^e-'''''^ > 



5t 



-TXh[n). 



□ 



The next proposition is a variant of Theorem 8 of [9] . 



Proposition 12.4 (cf. [llj (3.3)). For every t > 1, there exist constants 
C^iit), C^^it) > 0, depending only on t,ji and Eq, such that 

Cu{t){nW{n)y < Et,h [[#(C+ n Sin))f | O <^ 9,„5(n)" 
<Cs,{t){n^Mn) + l)\ 
for every 2-'i+^ <n < L{h,eo). 

Proof. The proof of this proposition is similar to the one in |9] and its simpler 
version in [ISj. We first show the lower bound for t = 1. Observe that 



> Yl f^T,h[{v^O}nEr,\oAd,nS{n)^ 

J2 f^T,h [{v A d,nS{n)} n E„ I O 4 d,nS{n)^ , 



veS(n/2) 



109 



where En is the event that there is a (+)-circuit in S{n) surrounding S{n/2). 
By the FKG inequahty and Lemma 12.5^ we have for n > 4n2 , 

l^T,h (^{v A dinS{n)} nEn O A dinS{n)^ 

v£S{n/2) 
v&S{n/2) 

> 6t—7Ch{2n) > 6l62—7Th{n) 
=: Cfn^-Kh{n). 

This is true li n < L{h, eq). The constant Cf > depends only on ^o- Thus, 
we obtain a desired lower bound for t = 1. The lower bound for general t > 1 
follows from this and Jensen's inequality. 

Next, we show the upper bound. We show it for an integer t > 1; the 
bound for general t > 1 follows by Holder's inequality. First we show it for 
t = 1 as before. 



E- 



T,h 



#(Co+ n S{n)) I O A d,nS{n)j = fiT,h (t; A O | O ^ 9,„5(n) 

v£S{n) 

Take a w G S{n) \ S{2^^), and let |f |oo = k. Let Ek{v) be the event given by 

t \ f there is a (+)-circuit in the annulus 1 
\ 5* (i;. A;) \ 5* (i;, A;/2) surrounding t> J' 

Then we have by the FKG inequality 

/^T,?i [v ^ O, and O ^ dinS{n)^ 

< S^^f^T,h [{v 4 O} n {O A d,„S{n)} n Ek{v)^ 

< S^^f^T,h [{v 4 d,nS{v, k/4)} n Ek{v) n {O 4 . 

Since 

Ek{v) n {O A dinS{n)} = Ekiy) n |o A d,nS{n) outside S{y, k/2) 

C |o ^ dinSin) outside S{y,k/2) 
by the mixing property we have 

^iT,h [v 4 O, and O ^ d,nS{n)) < 5^^ (^h{k/A) + C^e""'^/^^ 7r,(ri). 
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By Lemma 12.51 and the FKG inequality, we have 

T^h{k/^) < {St52)-^7ihik) for k > 16n2. 

This is true when 2^^~^^ < k, since > 4n3(8,eo) by definition, and from 
(15. Sp . 2-'^+^ > 6^3(8, eo)- Also, n3{\8ri~^],eo) is set not less than ^2, we also 
have 2-'^+^ > 16^2, and we can use Lemma 112.11 for fc's with k > 2^^^^ to 
obtain 



/UT,h [v O A dinS{n) 

veS{n) 



< C*{nW{n) + 1) 



for some constant > 0, which depends on ji and Eq. 

For an integer t > 1 , we prove the bound by induction following 
argument is similar to the one for t = 1. Since 



The 



fJ'T,h (^vi, . . . ,vt ^ O O ^ dinS{n] 



we fix t>i. 



r!l,...,DteS(n) 

, G ^(n) and estimate the sum 



,vt 4 O 



O ^ d.,r,S{n] 



vtGS{n) 



from above. This time we put k = doo{vt, {0,vi, . . . ,vt-i}). Then we use 
Ekiyt) as before, and noting that the 

e S{n): d^{vt, {O, Wi, . . . , Vt-i}) = k} < 8tk, 

by the same argument as before, we obtain 

f^T,h (^vi,...,vt^ O O A dinS{n)^ 

vt&S{n) 

< tCf{n^Tih{n) + l)^iT,h (t^i, • • • , vt^^ ^ O I O 4 d,nS{n)^ . 
This gives the desired upper bound. 

□ 
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Following Kesten [TU], we can prove the next theorem. 



Theorem 12.5. (i) For every t > 1, there exists a constant Cs^lt), depending 

only on t and ^o, such that for every A > 1, we have 

(12.7) 



( #c+ ^ 



n<R<2n] < CsQ{t)X~' for 2^'+" <n< L{h, eo)/2 



Here, R = R{Cq) is the radius of the cluster Cq . 

(ii) For every e > 0, there exists a A > and an integer A^i > 2-^^"'"^ such that 
ii Ni < n < L{h, Eq), then we have 



(12.8) 



n< R<2n] <e 



Proof, (i) By Lemma [T231 ffTXHj) holds if ng < n < L{h, eo)/2. We put 
C* := 5g/2 for simplicity. Then we have 



> A 



< 



< 



\R^7rh{R) 

#(C+ n S{2n)) 



n < R <2n 



fJ'T,h 



> A 



n'^iTh{2n) 

#(C+nS(2n)) 



C* 



nHh{2n) 



n < R <2n 

> X,n< R] . 



By a similar argument as the proof of fl2.45p . we can see that there exists a 
constant Cf > which depends only on such that 



:i2.9) 



C* 



< 



Tih{2n 



#(Co+ n S{2n)) 
n'^TTh{2n) 

#(Co+ n S{2n)) 
n'^nh{2n) 



> X,n<R 
> \,2n< R] . 



By Proposition 112.41 and Chebyshev's inequality we have 

'#(C+n^(2n)) 



> A 



2n< R 



< 



n^'Kh{2n) 
Et,h [[#(C+n5(2n))]*|2n</?] 



\^{nW{2n)Y 
(4nV;,(2n) + l)* 
A*(n%/,(2n))* ' 
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if 2''i+^ < "H. < L{h,eo)/2. By Lemma [12.11 and the comment after it, 

7rft(2n) > C'^iU'^, 

which imphes that 



is bounded in n. Thus, we have 



2n<R) < C3eit)y 



/#(C^2^S(2r^)) 

f^T,h o — 77r\ — - ^ 

V n^Tih{2n) 

for 2^^~^^ n < L{h,6o) and some constant C36(t), which depends on t and 

(ii) We take 5m < n, and define the annuh Ai{m), z = 1, 2, 3 by 

Ai{m) = S{{i + l)m)\S{im). 
Also, we define a random variable y(m) by 

Y{m) = # j-u G A2{m) : v ^ dinS{Am) oi v dS{m)^ . 

Let F{m) be the event given by 



F{m) 



for i = 1, 3, there exists a (+)-circuit Cj 
in the annulus Ai{m), surrounding the origin 



Then on the event F{m) n{0 ^ dinS{n)}, every point v E A2{m) contribut- 
ing to the sum Y{m) belongs to C^. By the definition of Y{m) and fl2.45p . 
we have for m > 4n2, 

(12.10) ET,h[Yim)]= f^T,h [v<^d.,nS (Am), or vi^dSim)') 

veA2{m) 

> 20m\hi7m) > Cfm^7Th{m), 

where Cf > is a constant depending only on T and ^o- 

Let k be the largest integer such that S'^ < n, and for a given ei > 0, let 
j satisfy €i < |5~^-'~^. Then for any m with 5'^"-' < m < 5'''^, by (112. lOp we 
have 
(12.11) 

^ET,h[Y{m)] > ^CirnWim) > \c*h'''-^''Kh{n) > eiC*n\^,{n). 
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By monotonicity we have 



( #Co+ 



■#(C^n5H) 1 
^ ^J'T,h I — — — — — ^ 



n < R <2n 

n < R <2n 



For 1 < £ < j, let 

Choose A > sufficiently large so that 4A"^ < eiCf, and then from fll2.10l) . 
we have 



;i2.i2) 



( * 



> 



1 



n < R < 2n 



By the FKG inequality we have 



n< R<2n\ . 



f^T,h ( n G',n{n<R<2n}] 
\i<e<j J 

<^T,h ( fl G',^n{r2<i?} J 

\l<£<i / 

< /^T,h ( n G^ ^'^(^)- 

Vi<£<i / 



Combining this with (112. 6p . we have 



;i2.i3) 



l^T,h ( fl ^ ^ ^ < 2^ ) ^ 258-VT,h ( n ) ' 
\i<£<i / \i<^<j / 



provided that (112. 5p is satisfied. Again, for each 1 < ^ < j, by the mixing 
property we have 



(12.14) ^iT,h{G, J-5(4.5^-^^-i)) > ^J^T,h{Gi) - Cb^'^^-'^e 



a5 
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If 5 > n2, then by Lemma [2.51 and the FKG inequahty, 

(12.15) /i,, (Ge) = f^T,H (f(5^-0 n |r (5^-^ > ^E^,, [F (5^"^] } 

By the one-sided analogue of Chebyshev's inequahty, 

(12.16) ^^T,H(Yi5'-') > lEr^Yib'-')]^ 



We shah prove that the right hand side is bounded by a positive constant. 
By the same reason as in the proof of Proposition 112. 4[ we can see that 

(12.17) ET,h [YimY] < Ct{mW{m) + 1)^ 



for some constant Cf > depending on Eq, if m > 2-'^"'"^. Inserting (112. 17p 
and (nJAJi\i in ffmBj) . we obtain: 



:i2.18) /.T,. (Yi5'-') > ^Et,h [Yib"-')] ^ 

{CtmW{m)f 



{C*w?Tih{m)Y + C*{mHh{m) + 1)2 

{Cf? 

{C*Y + Ct{l + {mW{m))-^Y' 



Since by Lemma 112.11 this is bounded from below by a positive constant Cf 
depending only on Lq and Eq. (112. 14p and (112.151) implies that 



5(4-5fe-<^-i) 



(12.19) liT,h[Gt 

> ((^8(^4)' ■ C* - Cb'^'-'^e 
If we put n* as the smallest integer such that 



115 



for every n > n*, then 

as long as 5^^^ > max{4n2, n*}. This imphes that 



5 



^1 <r 0^ A 



■'i<e<j 

if S^^-' > max{4n2, n*}. Therefore for every e > 0, we choose j > 1 to satisfy 



and then we choose > to satisfy < < S^^-'"^. Then we take n 
sufficiently large so that 

n > Ni := S-'^^ max{4?T,2, "H.*}. 

If A^i < n < L{h, eo) and AX~^ < SiCf , then the inequality f lTTB]) holds. □ 

Theorem 12.6 (cf. pjj (1-26) in Theorem 3). For t > 0, we have as /i — )■ 

(12.20) K'l W{0 A t;, #C+ < oo} X £o)*+'vr„(L(/i, ^o))'- 

Proof. First, we prove the lower bound. Let L = L(/i,£:o)-We start with the 
following inequality. 

ll/lW,/.(0 y, #Co+ < oo) 

yez2 

> E E ll/lW,h(0^y,2'=<i?<2'=+i). 

fc=ii+5 |y|<2'=-i 

Let 

r there exists a (+)-circuit 1 

' \ in S'(2^) \ S'(2''~^) surrounding the origin J ' 

Then for \y\ < 2^~^, we have 

/iT,h(0 4> y, 2^ < i? < 2^^+!) 

> ^iT,h{{0 ^y}r\Akr\{2^ <R< 2^^'}) 
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Let 

Bk+i '■- 



there exists a (— *)-circuit 
in S'(2^+^) \ 3(2'' + 2''~^) surrounding the origin 



Then since 

{2''<R< 2'+'} D{R> 2''} n Bk+i and ^IT,h{Bk+l) > 
by the mixing property we have 

fiT,h{{y A 83(2'')} nAk n {2^ < i? < 2'+'}) 
> fiT,h{{y A 83(2'')} n Afc n {i? > 2'}){6l - C2''+'e-''''''). 

By Lemma 112.31 the last term in the right hand side of the above inequahty 
is not less than |(5g, since 2^ > 2^'^'^^. Thus, we have 

firAO ^y,2'<R< 2'+') > ^6t6tn,{2'^^')n,{2'). 

By Lemma [2 .Sj there is a constant CY depending only on Eq, such that 

firdO ^y,2'<R< 2^'+i) > C*7r,,{2'y. 
Therefore we have 

(12.21) E \y\'f^TAO^y,2'<R<2'^') 

jl+5<fc<log2 L |y|<2''— 1 

ji+5<A;<log2 L 

where Cf{t) depends only on t,£o- Finally, by Theorem 110. H we have 

Next, we prove the upper bound. We break up the summation into two 
parts; 

\y\ao<L |y|oo>i' 
By the mixing property, we have 

117 



First we estimate Let Lq be the same number as given in Lemma [12. 1[ 
Then for \y\oo > 2Lq, we can replace 7r/i(|j/|oo/3) with constant multiple of 

T^hilyloo) by Lemma [2751 For \y\ao < 2Lq, we simply replace fj.T,h{0 y) 
with 1. As a result, we obtain 

Yl' ^ H \y\'^^T,h{o^y) 

\y\oc<L 

fc=l 2Lo<\y\^<L ^ 

fc=2Lo+l ^ 

The constant C* depends only on eo, and Cf{t) depends on t and ^o- Then 
by Lemma [12.11 we can see that 

kT^h{k) < {2k - 2L^)Tih{k) < 2C3oi2L)7if,iL) 

holds for k > 2Lq. Thus, we can find a constant Cf depending only on Eq, 
such that 

k'^Wik) < C*L'+W{L). 

Therefore we have 

fc=2Lo+l ^ ^ 

Again by Lemma I12.1[ 

L 

Y -^hik) <2C3oL7rh{L), 

k=2Lo+l 

and we finally obtain the following inequality. 
(12.22) 5^'<Q#(t){L*+2,r,(L)2 + l}, 

where Cf{t) depends on Lo,t and Eq. 

To estimate let ^^'^ and Yl^^ denote summations over y's with L < 
\y\oo < 6L and \y\oo > 6L, respectively. 

For we use the same argument: 

/iT,h(0 <^y)< (^vr,(|yU/3) +4C^e-l^l-/3j vr,(||/U/3). 
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Let uq > 2^^ be the smallest integer such that 

(12.23) 4Cn3e-"" < (5^52)^'°^^"^"^'V/^(2•'■l) 
for every n > Uq. li L/3 > uq, then we have 

I 1 3 

for every y with \y\oo > L. This is possible since we are considering the case 
where h — )■ hc{T), and hence L{h,eo) — )■ oo. The right hand side of this 
inequality is not larger than 7rft(|?/|oo/3) as long as \y\oo < 3L by Lemma fFM 
Therefore we have 

/iT,h(0 Ay) < 2TTh{\y\oo/S)^ 

for every y with L < \y\oo < 3L. Further, by Lemma [2.61 we have 

/^T,h(|z/|oo/3) < S^'^S^^ l^T,hi\y\oo) < S:^'^6^^nhiL). 
On the other hand, if \y\oo > 3L, then we still have 

I 1 3 

and we have 

7rh(|l/|oo/3) < 7fh{L). 
Since S^'^S^^ > 1, we have in any case 

Therefore 

(12.24) Y!^\yf^,T,H{0 ^y)< C*{t)L'+W{L)\ 

where Cf{t) > is a constant depending only on t and Eq. 
As for Yl^^ ■> observe that 

(12.25) ^lT,h{0 ^ y) 

< {-KhiL) + ACL^e-''''f^lT,h{^S{2L) ^ d,nS{{k - 1)L)) 

for every y with kL < \y\oo < {k + 1)L. By the same reason as before, we 
have 
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Therefore we have 

.26 



oo 

< 5^42((A; + l)Ly+\,{LffiT,h{dS{2L) A d,nS{{k - 1)L)). 

fc=5 

By the FKG inequahty, it is easy to see that for h < hc{T), 

(12.26) fiT,h{dS{2L) A dinSiik - 1)L)) 

< {StS2)-'fiT,h{{dSiL) A d.nSiik - 1)L)) 
<i5t62)-'K,exp{-Krik~l)}. 

The last inequahty is by Lemma 12.71 Thus, combining ( 112. 22p and f ll2.24p - 
(I12.26|) . we obtain 

J2 \yLf^T,k{0 A y, #C+ < oo) < C*{t){L'+\,{Ly + 1}, 
yez2 

Where the constant Cf{t) depends only on t, Lq and Eq. When L — )■ oo, this 
is bounded from above by 2Cf{t)L^^'^Tih{LY- 

li h > hc(T), only the estimate of changes. In this case, the dual 
connectivity function decays exponentially. By the FKG inequality we have 

/iT,h(0 A ?/,#Co < oo) 

+ ^ f there exists a (— *)-circuit which \ 
< /iT,.(0 ^ y)fiT,H ^ surrounds both O and y ) 

By the mixing property the first term is bounded from above by 2nh{L)'^ as 
before, and 

„2b I ,t f there exists a (— *)-circuit which \ ^ ^#^t+2 
"^''^ \^ surrounds both O and y ) ~ ^ 

for some constant Cf > depending only on t and £o- n 

12.4 Proof of Kesten-IMA-Corollary and Kesten- Corollary 
1 

Let us begin with the following lemma. 
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Lemma 12.7 (cf. [TT] (3.6)). Let Lq be the same as Lemma 112. 1[ Then 
there exists an constant C37 > depending only on Lq and Eq, such that for 
any > log2 + 1, 

(12.27) < C,r2'^-' 

for 2Lo < 2^= < 2^=0. 

Proof. The following argument has already appeared in the proof of Theorem 
112.61 By Lemma 112. H we have 

2'=7r„(2'=) < 2(2^= - Lo)7r„(2'=) 
<2 J2 ^-(^) 

<2 J2 ^-(^) 
< 4C3o2'^°vrcr(2'=°). 



In the following we mean by f{n) ^ n'^ that 

hm = C. 

n->-oo log n 

Corollary 12.8 (cf. [lOj Corollary, [TT] Corollary 1). If one of 

(12.28) n„.{n) ^ n^^/"^-- 

or 

(12.29) r,,(O,(n,0)) ^n-^ 
holds, then both statements as well as 

(12.30) /icr{#C+ >n}^ n^l' 
hold, and 

d{T,K) X L(/.,eo)-'/'^ = L{h,e^r^l^'^^\ 
2 

4 

5 = 25r - 1 = - - 1. 



□ 
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If in addition for some z/ > 
(12.31) aT,h):-- 



holds, then 



ez2 

h-K{T)r 



1/2 



2v 



Proof. By Lemma \12.2\ the existence of 7] and 5^ is equivalent, and we have 
7] = 2/5r- Further, by Theorem 112.6^ 

e(T,/i)xL(/i,£o) 
as h ^ hc{T). By Theorem II l.H we have 

{C,C2)-\cr{L{h,eo)) < e{h) < 7rH{L{h,eo)). 

This, together with (112.281) . (112.311) implies that (3 = v /5r. So, the remaining 
thing is to show the equality 5 = 26^ — 1. The argument is quite parallel to 
jlOj . By Theorem 1 1 2 . 51 we can choose A(|) such that 



#Cc 



< 



n< R<2n] < 



For an arbitrarily small e, we put m = n^'^/(('^~^^^'^~'^\ By Lemma [12. H we 
know that 7rcr{n) > C'^^n~^. This means that 5r > 1, and (2 — 6)6^: — 1 > if 
£ is small. Since 

we can assume that n < {X{l/2))^^m'^TTcr(2m). Therefore we have 
/^cr(#Co > n) > /icr ^#Co > -^-^m Vcr(2m)^ 



RH,,{R) - A(i)' - 



> ^Cf •7rcr(m). 

for some constant Cf > which depends only on Eq. Dividing both sides of 
the above inequality by logn, and letting n — )• oo, we obtain 



/icr(#C+ > n) 

logn 



> 



c* 

log^ + log7rcr(m) 
{2-6-1/5,) logm 
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— > 



Finally we let e — 0, and obtain the inequality 



log n 26j. — 1 

For the converse inequality, we fix ko arbitrarily. From Theorem I12.5[ we 
have 



/^cr(#Co+ >n)<J2 vrcr(2'=)/icr(#Co+ >n\2'<R< 2''+') + 7re,(2^o) 

k<ko 

< vrcr(2'=)C36(l)n-i4 • 22'=vr„(2'=) + 7r,r(2'=°) 



k<kt) 

Note that R < 2^ implies that #0^" < 22^^+1) . Since n is supposed to 
be large, we can assume that the above summation is taken over /c's with 
2^ > 2Lo. Then by Lemma [T2n 

^36(1) 7re,(2^)^2^(^'+i) ^ ^ ^ 4C36(l)g37Vrc.(2^o)2^^»fco ^ ^ 
Take e > arbitrarily, and put 

_ (1 -e)log2n 
2-lM ■ 

Then the above value is bounded and we have 

log/icr(#Co+ >n) ^ 1 1 

limsup < —(1 — £) 



log n 5j. 2 — 1 /(5r 

Since e > is arbitrary, we obtain 

log/ie.(#C+ >n) ^ 1 

lim sup < 



log n 2(5r — 1 

12.5 Proof of Kesten-Theorem 3 

Theorem 12.9 (cf. [llj (1.25) in Theorem 3). (i) For t > 1, we have 
(12.32) ET,hMCty : #Co+ < oo] x L(/i, £o)'Vcr(L(/i, £o))*+' 



□ 
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as h hc{T). 

(ii) For t = 1, we have the same order as above for the lower bound, but we 
need an extra logarithmic factor for the upper bound. Namely, there exist 
constants C38, C39 > depending on ji and Eq, such that 



^12.33) 



C3sL{h, eo)'^TCcriL{h, eo)f 

< Et,h [#C+ : #C+ < 00] 

< C-igL{h, £of-nc,{L{h, £Q)f log^ L{h, Eq). 



Proof. Let L = L{h,6o). For the lower bound, we estimate as follows. As in 
the proof of Theorem 112.51 (ii), we can choose ei for e = 1/2, such that 



f^T,h 



#c+ n S{L) 



L<R<2L \ >-. 



Then we have 



ET,hMCty : #Co < 00] 
> {eiL^nh{L)yfiT,h (L < R < 2L) 
X ij.T,h (00 > #C+ > eiL^TThiL) \L<R<2L) 

The last inequality is from f ll2.6p and the choice of £1. But Theorem 110.11 
enables us to replace vr/j(L) with a constant multiple of Ticr{L). 

Now we turn to the upper bound. We will show the inequality for an 
integer t > 1. The general case can be obtained by Holder's inequality. 
Similarly to the proof of Theorem 112.61 we divide the expectation according 
to the size of the radius R. 

(12.34) 

ET,h[(#C+)* : #C+ < 00] 



< C*{t) + ^T,h 
2Lo<2'=+i<L 



[#(C+ n 5(2^=+^))] -.2'' <R< 2^^^ 
|#(C+n^(L))+ 5^#(C+nS(m))l :^<i?<oo 



where 5(m) = 5(2Lm,L) = 2Lm + 5(L), and C*{t) > is a constant 
depending on t, Lq as before. 
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Note that for 2^ < L, by the FKG inequahty 

ET,h [[#(C+ n 5(2^+1))]* -.2^ <R< 2^'+i 

<ET,h[[#(C+n5(2'=+i))]*:2'=<i?" 

< 5,%^Et,h [[#(Co+ n S(2^+i))]* : 2'=+! < R 

By Proposition I12.4[ the right hand side of the above inequahty is bounded 
from above by 

5l'5:^'C,,{t){2^^^-''\h{2^) + l)V,(2^+i) 
< (54-%-iC35(t)2*(22*('=+i)7r^(2'=+i)*+i + 1). 

Since the inequahty 2^^^ > L >2^ may occur, these constants may change 
a httle to C^^it), but it depends only on t and Eq^ too. Thus, thanks to 
Theorem IIO.H we have 

1* 



[#(C+ n ^(2^=+^))] -.2^ <R< 2^+^ 



<C2*(t)(22*(^+i)7rer(2'=)*+i + l 



for some constant Cf{t) which depends only on t, ji and ^o- 

Let fco be the largest integer such that 2^^ < L. By Lemma ri2.7[ we have 

Cfit) Yl (2'*('+'^7r,,(2'=+i)*+i + 1) 

2Lo<2*+i<L 

< C*it)ko + C*{t) Yl 2('^+i)(*-i){C372'='V„(2'^°)}*+\ 

2Lo<2'--+l<2*0 

The second term in the right hand side of the above inequality is bounded 
from above by 

C|'(t)C372'*(*^o+'Ver(2*^")*+^ if t > 1, 

and by 

C2*(t)C37A;o22*('=«+i)7re,(2'=«)*+i if t = 1. 

Therefore the second term in the right hand side of fll2.34p has the following 
upper bound as h ^ hc(T). 



;i2.35) 



Y ET,h [[#(C^ n 5(2'=+^))]* -.2^ <R< 2^=+^' 

2Lo<2'=+i<L 

fC3#(t)L2*7r„(L)*+i, ift>l, 
\c*{t)L^'n^,{Lf\ogL, if t = 1. 



< 
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Here, Cf{t) is a constant depending only on t,ji and Eq. 

Next, we estimate the third term in the right hand side of fll2.34p . Since 

{a + by < 2*(a* + 6*), 

(12.36) 



ET,h 



#(c+n5(L))+ 5^#(c+ni?(m)) 



L 



< R < oo 



#(c+ n S{L)Y + <j 5^ #(c+ n 5(m)) 



L 



< R < OO 



From Proposition 112.41 and Theorem 110.11 the first term in the right hand 
side of (112.361) is bounded from above by 

C*{t)7r,,{L){{L\,,{L)Y + l) 

for some constant Cf{t) depending on t and Eq. As for the second term in 
the right hand side of (112.361) . we first use Minkowski's inequahty to obtain 

/ 11^ I ^ / I \ 

;i2.37) — 



i^T,h |X;#(Co+ni?(m))| :|<i?<oo j 



m^O 



[#(C+ni?(m))]*:^^<i?<oo 



i/i 



As in the proof of Theorem ll2.6l we consider two cases separately; whether 
h < hc{T) or h> K{T). 
Case 1°) h<hc{T). We will show that 

_ / r . T 



:i2.38l 



m^O 



[#(C+ni?(m))]*:|<i?<cx) 



< Q#(t)(L27r„(L) + 1) (^7r„(L) + C^e-^^/^^ 



i/i 



Here, Cf{t) depends only on ji and Eq. If this is true, combining (112. 34p - 
(112.381) . we obtain the correct order in Theorem [1231 ffTZ^ and ffTZ^ . 
First fix m 7^ O arbitrarily. Then since 



E' 



TJi 



[#(C+ni?(m))]*:^^<i?<oo 



^T,4[#(Co n5(m))] :L<i?<oo 

/ir,/i(0 ^ fi, . . . L < < oo), 

v\,...,vt&B{m) 
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as in the proof of Proposition 112.41 by induction we can show that the right 
hand side of the above equahty is bounded from above by 

(12.39) Cfit) J2 fiT,h{0^v){L\,{L) + iy^\ 

where Cf{t) depends only on t,ji and Eq. 
When |m|oo < 3, by the mixing property 

/iT,h(0 ^v)< (^7r,(L/3) + Cye-"^/=^^ ML/3). 

Hence, by Lemma 12.51 and Theorem 110.11 

Here, the constant Cg > 1 depends only on Eq. Inserting the above inequality 
into fll2.39p . and summing it up over m's with |m|oo < 3, we obtain the 
correct order in the right hand side of (112. 38p . When |m|oo > 3, by the 
mixing property 

/ir,/i(0 A v) 

< fiT,h (O A dS{L/2), S{L) 4 dS{2L\ui\^ -L),vA dS{v, L/2) 

< f7r,(L/2) + Cye-"^/M ^^^^(^siL) ^ dS{2L\m\^ - L)) . 

Therefore by Lemma 12.71 and (I2.48p , 



-^-7(21111100-1) 



De-B(m) 



Summing up this inequality over m's with |m|oo > 3, we obtain by Lemma 
12.51 and Theorem 110.11 

J2 Yl /iT,h(oAt;)<Const. xLM7rc,(L) + Cye-"^/M , 



|m|oo>3DeB(m) 
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where the constant above depends only on Eq. Assuming that \h — hc{T)\ 
is small so that L = L{h,eo) is so large that CL^e~"^/^ < 1, we obtain the 
desired inequality (112. 38p . 

Case 2°) h > hc{T). In this case, the only thing we have to check is that the 
contribution from m's with |m|oo > 3 to the third term in the right hand side 
of (I12.34P can be controlled, as well. To this end, we start with the following 
inequality. 

(12.40) fiT,h{0 ^ vi,. . . ,Vt\L < R < oo) 

< HT,h{0 ^Vi,.. .,Vt) 

/ there exists a (— *)-circuit cr* such that\ 
^^''^ \ a* surrounds Vi, . . . ,Vt and O / 



X 



For simplicity we assume that m = (mi, 7712) and |m|oo = ttli > 3. Then the 
above (— *)-circuit a* must intersect Uk>oB{{—k,0)) and also Ue>oB{{mi + 
£,7712)). Thus, applying Lemma [2.71 for (— *)-connection, we have 

E/ there exists a (— *)-circuit a* such that \ ^ Qqj^q^ 
^^'^ I (7* surrounds Vi, . . . ,Vt and O / ~ '^^^ '' 



|m|oo>3 



t-1 



and the constant in the right hand side depends only on Eq. 
On the other hand, we have by induction 

^ fiT,h{0 ^vu...,vt) < J2 fiT,h{0^v){L\h{L) + l) 

vi,...,vt£B{m) ti6_B(m) 

and by the mixing property, 

fiT,h{0 ^v)< 7r,(L)(7r,(L) +4CL3e-2"^). 

Thus, we have 

(12.41) f^T,h{0^vu...,vt) 

vi,...,vt£B{m) 

< (L27r„(L) + l)*(7r„(L) + ACL'e'^'^'^). 

Note that the above bound does not depend on m. Combining (112. 40p - 
(112.411) . we can see that the contribution of m's with |m|oo > 3 to the third 
term in the right hand side of (I12.34p is under a good control. This completes 
the proof. □ 
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Corollary 12.10 (cf. [II] Corollary 2). We have 



ah)^L{h,eo), 



EMCtf : #C+ < oo] 
EnmC+r-^ : #C+ < oo] 



1 1/* 



If ffmr]) and ffmg]) hold, then 

EhmCtf : #C+ < oo] 



EnUCtf-^ : #C+ < oo] 

-| i/fc 

^-5^|t;|V40At;, #C+<oo) 



X{h) 



for t > 2, 
for t > 0. 



\h-hc\'^^ for A; > 2, 
l/i-ZicI"''* forA;>l, 



and 



7 = 2i^ 



,5-1 



Afc = 2z/- 



(5 



5 + 1 
i/fc = z/ for A; > 1. 



for > 2, 
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13 Symmetry of the critical exponents 
13.1 Kest en- Lemma 8 

In Section 8, we introduced the event ^2(2^^) = Ao(A+(2'^, 2'^)). Here we 
introduce a similar event Q{v, S{n)) for v G S{n), by 

n{v,S{n)) = A^{A+{n,n)). 

Lemma 13.1 (cf. [11] Lemma 8). We fix a number k, G (0,1) arbitrarily. 
There exist positive constants C4o{k) and C4i(k) depending on K,ri,ji and 
Eq, such that 

(13.1) CM < / y : '! < CM 

for 2-'i+3 <{l- K)n<n< min{2L(/i, £o), f } and v G S{Kn). 
The proof is divided into several lemmas. 

Lemma 13.2. We have only to prove (113.11) for v = O and n = 2^ , under 
the condition of Lemma 113.11 

Proof. Let 

£ = max{j9 > 1 : 2^" < (1 - K)n}. 
Then 5(^,2^) C S{n) for every v G S{Kn). Clearly, 

/i^,(^](^;,S(r^))) </i^,,(r(t;,^(t;,20)) =/i^,(r(O,S(20)). 

By Lemma [5.61 (i), 

/x^,,(r(O,S(20)) <ir/.^,(A(O,5(20)) <K/.^,(J^(O,5(20)), 

where K depends only on ji, rj and ^o- Thus we have 

^^l^{n{v,S{n))) < ir/i^,(fi(O,5(20)). 

For the converse inequality, let Ai, . . . ,A4 be the rectangles corresponding 
to S{v, 2^), as before. The longer side length of Ai is equal to 2^~\ and the 
shorter side length is 2^~^. Let Ui be a rectangle connecting Ai with the left 
side of S{n). To be more precise, Ui has width 2^~\ its right side coincides 
with the right side of Ai, and its left side is a part of the left side of S{n). 
We define rectangles U2, U3, similarly corresponding to A2, A^, A4,. Then 
using these rectangles Ui, ... ,1/4, by the Connection lemma we have 

^,^^,{n{v,S{n)))>C*{K)^^^^^{A{v,S{v,2'))), 
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where Cf{K) depends only on k and Eq. Then again by Lemma E51 (i), we 
have 

= ^-V^.(r(o,5(20) 

Hence we have 

^^^^,{niv,sin))) > c*{K)K~'^^l^{m,s{2%. 

This completes the proof of Lemma I13.2[ □ 
Next, by Theorem I8.10[ 



< 



\h — hr 



C22 Yl /if(A.(fi(0,5(2'=))))+C23/xf(fi(0,^(2'=))) 



for 2-'^+^ < 2*^ < mm{L{h,eo), y}, where js is given by (18 .30 p . As we 
remarked in the beginning of section I8.2[ we have the same estimate for 2^ < 
2L{h,eQ) with the constants 6*225^23 slightly changed. The new constants 
depend on ji,!] and ^o- Recall that 

AMO, 5(2^)) = {D,E+ n A,E_,) U (A,E+ n D,E^,) , 

where and E_^: are the events defined in section I8.3[ In the following we 
summarize what happens when u G A^Q{S{2'')). 

Lemma 13.3. 1) In a; G O^jE^ fl A^i?_*, the following occurs: 

• There exists a (+)-path ri connecting d{0} and the left side of S'(2^) 
with ri ^ V. 

• There exists a (+)-path connecting d{0} and the right side of 5(2'^) 
with rs ^ f and ri fl rs = 0. 

• r := ri U {O} Urs is a horizontal crossing of 5'(2'^), and v is either above 
or below r. 

• There exists a (+)-path connecting d{v} and the left side of S'(2^) 
with rs ^ O. 
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• There exists a (+)-path rj connecting d{v} and the right side of S{2^) 
with ^ V and r5 fl ry = 0. 

When V is above r, 

• There exists a (— *)-path connecting d*{0} and d*{v}. 

• There exists a (— *)-path r2 connecting d*{v} and the upper side of 

• There exists a (— *)-path r*^ connecting d*{0} and the lower side of 
S{2^). 

When V is below r, 

• There exists a (— *)-path r2 connecting d*{0} and the upper side of 

S{2^). 

• There exists a (— *)-path r*^' connecting d*{0} and d*{v}. 

• There exists a (— *)-path r|' connecting d*{v} and the lower side of 

2) In a; e A^£J+ fl D^E^-*, the following occurs: 

• There exists a (— *)-path r2 connecting d*{0} and the upper side of 
S{2^) with r* ^ v. 

• There exists a (— *)-path r\ connecting d*{0} and the lower side of 
S{2^) with rl^v and n = 0. 

• r* := r2 U {O} U is a vertical (*)-crossing of S{2^), and is either 
on the left or right of r*. 

• There exists a (— *)-path rg connecting d*{v} and the upper side of 
^(2^) with rl ^ O. 

• There exists a (— *)-path r% connecting d*{v} and the lower side of 
S{2^) with rl^v and n = 0. 

When V is on the right of r*, 

• There exists a (+)-path ri connecting d{v} and the left side of S{2^). 

• There exists a (+)-path r'l connecting 9{0} and d{v}. 

• There exists a (+)-path rg connecting (9{u} and the right side of 5'(2'^). 
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When V is on the left of r*, 

• There exists a (+)-path r'( connecting (?{0} and d{v}. 

• There exists a (+)-path r[ connecting d{v} and the left side of S'(2*^). 

• There exists a (+)-path ra connecting d{0} and the right side of S{2'^). 
The proof is clear so we omit it. 

Now fix a e satisfying that 2-''i+^ < \v\oo < S''"^ We can find a 
number j with 2^ < \v\oo < 2^+^; note that j < k — 2. 

Lemma 13.4. 1) S]_^{v) C S{2''-^ + 2''-^). 

2) A^Q(0, S{2'')) is a subset of 

r(o, s{2^-^)) n r(t;, s]_,^{v)) n f(5(2^'+i + 2^-^), 5(2^)). 

3) doo (-5(2^-2) U 5(2^+1 + 2^-^y, S]_^{v)) > 2^-2. 
Proof. 1) If w e S]_r,(v), then 

2) follows from 1). 

3) Note that 

d^{S{2^-'), S]_,{v)) > 2^ - 2^-3 - 2^-3 

^ 2^' - 2^-2 = 3 • 2^-^ 

and 

(ioo('S'J_5(^;), 5(2^+^ + 2^-^y) > 2^+^ + 2^-1 - (2^+^ + 2^-3) 

□ 

By the mixing property, from the above lemma we have 

/xf (A,0(0, 5(2^=))) < /xf (r(0, 5(2^-^)) n f(5(2^+i + 2^-^), 5(2^))) 

x{/.f(r(.,5|_3(.))) + c(2-2)V«2^-^} 

< {/xf (r(0,5(2-'-3))) +C(2^+i)V"2^^'} 
x//f(f(^(2-'+^ + 2^-1), 5(2*^))) 

X {/.f (rK5|_3(^))) +C(2^-2)V"2^-^} . 
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By Lemma [5.61 (i), 

/.f(r(0, 5(2^-3))) < iT/if (A(0,5(2^-^))). 



< 

X 



Also, by Lemma 15.91 and the Connection lemma, we can find a constant 
C2 > 0, depending on ji, rj and Eq, such that > K and 

Substituting these into the above inequahty, we have 

/xf(A,^](0,S(2^))) 

{C*y j/if (A(0, S{2^--'))) + C2'U+^'>e--''^" } 

/if(A(5(2^-+i + 2^-1), 5(2'=))) 
x{/.f(r(.,5|_,(.)))+C2^(-^)e---^} 

< {C*y [/.f (A(0, 5(2^-3)))/.f (A(5(2^+i + 2^--i), S{2'')))f^f {T{v, S]_,{v))) 
+ (29e~"2' + 2)C2=^(^'-2)g-«2:'-2 (A(5(2^'+^ + 2^'^^), 5(2'=))) 

By the mixing property, 

/if (A(0, 5(2^--3))) </if (A(0, 5(2^-3)) I A(5(2^-+i + 2^-'), S{2'))) 

+ C230-+i)e-"2^'^i, 

and hence we have 

/if (A,fi(0,5(2'=))) < (C#)Vf (A(0,5(2^--3)) n A(5(2^+i + 2^--i), 5(2^=))) 

x/xf(r(.;,5|_5(t;)))) 

+ C3#C23(^^-2)e-°2'"/xf (A(5(2^'+i + 2^'-i), 5(2^=))) 

for some constant C3 > depending on ji,?7, and Eq. By the Connection 
lemma, we have 

/if (A(0, 5(2^'-3)) n A(5(2^'+i + 2^'-i), 5(2^=))) 
<Cf/if(l](0,5(2'=))), 

where the constant Cf depends only on Eq. On the other hand, by Lemma 
15.71 and the finite energy property 

/if (A(5(2^-+i + 2^-i),5(2'=))) < Cfcr-Vf (^^(0,5(2^=))) 
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where Cf > is a constant depending only on ji and ^o- Thus, for ji + 6 < 
j < k — 2 and for 2^ < \v\oo < 2^^^ we have 

/if (A.n(0,5(2'^))) < {C*rcff,^{n{0,S{2'^)))f^r{T{v,S]_,{v))) 

for some constant > depending on ji,ri and ^o- This implies that we 
can find some constants Cf, Cf > depending on ji,ri and such that 

|/xf(fi(0,5(2'=))) 



^iiL^pifcf I: y: /if(^(o,5(2^)))/if(r(.,^j_,(.))) 

+ QVN0,5(2'=))) 

Note that we used a trivial estimate 

/if (A^n(0,5(2^))) < Const.fi^{Q{0,S{2''))), 

where the constant is an absolute constant. Dividing both sides by /tf (f2(0, 5'(2 
and integrating in t over the interval [0, 1], we obtain from Lemma [9. II that 



log 



fiT,h{n{0,S{2''))) 



/i„(^^(0,5(2^))) 
< C* (l+Y. (^''' 



for some constant C* depending on ji,r/ and Eq. This proves Lemma [13.11 



13.2 Kesten-Theorem 4 

Lemma 13.5. For any e > 0, there exist 6i > and ^2 > and fco = ko{K,, e) 
such that if < 1 - fi; < 5i and \h - < §2, then for 2'"' < 2^ < L{h,eo), 
we have 



t)65(2fe)\5(ft2'=) 



"/if (^(^,'^(2'')))^^^ 
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Proof. We use the estimates of arm exponents in a half plane in section [71 
So, again we remark that the restriction that 2^ < L{h,6o) is not serious; we 
can extend results there for 2'^ < 2L{h,eo), too. 
Let V = {v\v^) e 3(2'') \ 5(/t2^) satisfy 

2P < dooiv,Si2''Y) < 2^+^ 

for some p > js + 5, where js is the constant given in Theorem 17.61 For sim- 
plicity we consider the case where < f ^ < v"^. Let Qp-i{v) = {ii2P'^, (£i + 
1)2P-^] X {£22P-\{i2 + 1)2P-^] containing v, and Xp_i{v) be its lower left 
corner {ii2P-\ i22P-^) . Let 

Sp^^iv)■.= Sixp^^iv),3■2P-'). 

Note that Sp^i{v) C S{2''), but S^_^{v) may not be a subset of ^(2*^). We 
put m(f) to be the largest integer m such that R'^_i{v) ^ {2^,2^). Then 
Tp}l^^\v) 3 (2^2'=), and we have 

(13.2) Q{v,S{2'')) 

Here we used a new notation: 

1. T' {{v} , Sp^i{v)) is the event that there are (+)-paths ri,r3 and (— *)- 
paths rl in Sp^i{v) \ {v} such that 

(a) ri and connect d{v} with (9j„5'p_i(f ), ri fl = 0, 

(b) r2 and r4 connect with dinSp^i{v), fl r4 = 0, 

(c) ri U {f } U rs separates r2 and r4 in Sp^i{v). 

2. T'{Tp_^{v),T^^\v)) is the event that there exist (+)-paths si,S3 and 
a (— *)-path S4 such that 

(a) si, S3 connect dT^_,{v) with 9,„Tp":^V) \ {^^ = 2'} in Tp":^V) \ 
Tp_i{v), and 

(b) connects d*T^_,{v) with ai„Tp"!^V) \ {^^ = 2''} in T^^^^V) \ 

(c) S4 separates Si and S3 in T^^\v) \ Tp_^{v). 
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Note that T'{T^_,{v),T;^}^\v)) is a subset of the shifted event of the 3- 
arm event i3+(2, 1, 2^+^, 2'"(^)+p-1) by the vector {ii2P-\2'' - 2p-i+"^(^)). If 
m{v) < 2, then we understand that 

Note also that f(Tp":^^+'(t;), 5(2^^)) is a subset of the shifted event of 2-arm 
event 1, 2p+™('')+i, 2'=+i). 

By the mixing property we have from (113.21) that 

(13.3) ^^{niv,Si2')) 

</^f(f(T-^^-^^(.;),5(2^))) 

X {f^fir'm, Vi(^))) + C(3 • ■ 2P~'e'-''-' } . 
By the above remark, translation invariance and Theorem 17.21 we have 

/if (f(T™^)+'(t;),5(2'=))) < /if (i3+(l,l,2P+'"(^)+\2'=+i)) 

< (7^q2"''+p+™(^\ 

Also, by translation invariance and Theorem I7.6[ we have 

f^r{r'iT;-,{v),T-^r\v))) < /if (i3+(2,l,2-+^2™(''H^-l)) 

< 2^Cu2-^'^^^\ 

Therefore from (113. 3p . we have 
(13.4) 

/if (n(v, S{2')) < |26Ci4Cio2-'^-™('')+*' + 4C2^iP+'miv))^-a2r'+^^^) | 

X {/if (r(w, ViM)) + c(3-2^)^-2^-V"2''-^} 

By the finite energy property there is an absolute constant Cf > such that 

/if (r'(W,ViM)) < cf/if (r(t;, Vi(^;))). 

When m{v) < 2, we use 

(13.5) /if (^](^;,5(2^))) < /if (r({t;}, Vi(i;))). 
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Note that there are only four distinct )'s with m{v) < 2. Since p > 

j3 + 5, and since 

by Lemma [5.6( i). then by Lemma [5.3^ we have 

^,r{T{v,S,^^{v)))<f,f{T{v,S^^;^^{v))) 

<KCW{T{v,S'^_,{v))). 

For a fixed 3 < m < A; — p, we sum up this inequahty over f 's such that 
m{v) = m, 2P < dooiy, S{2^Y) < 2P+\ and < f ^ < v^, and then we obtain 

v:m(v)=m,2P<doo(v,S(2''f)<2P+'^ 
0<ul<t>2 

<2-+i J2 ^f(r(t;,^(2^+^))). 

By Lemma [nm we have 

\h-K{T)\ 



E / ^f^^ f^f{nv,s{2P-^')))dt 



«e5(2P-i) 



Therefore for some constant Cf > depending on ji^ij^eQ^we have 



2P<doo(f,S(2'=)'=)<2P+l 
0<ul<u2 



<C* ( 2~^(''"P-^) + 1^ ^c(^)l o5(p+2) -a2?'- 



Finally, we sum up this inequality over p's with 2P < (1 - fi;)2'= to obtain 
(13.6) E n-^^^^f^rH-^S{2^)))dt 



2-'3+5<doo(«,(S(2*))'^) 
D6S{2'=)\S{fi2'=) 



fc+log2(l-K) 



< Cf (1 + C*) E (2-^^'-^-') + \±^Mll2^(p+^)e-'^'''-'\ 



<C3# 



P=ja+5 

\h-K{T)\ 2^(1 
ilT 1 - 2-C 
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where Cf > depends only on ji, rj and Eq. This goes to zero as /i — )■ hc{T) 
and K — 7- 1. 

Now, we consider the remaining case: p < js + 5. Let 

and for i > 2, let m(f ) be 

m(t;) := max{m > 1 : TJ^+^iv) ^ (2^2'^)}. 
Then as in fll3.3p . we have for £ > 2, 

n{v, S{2')) C T\{v}, T^Siv)) n f(T,-^)+^(.;), S{2')). 
From this and the mixing property, we have 

li^{n{v,S{2'))) < {/.f (r({i;},7;';^|^(t;))) +4C23(^-^+'-(^)+5)e-"^^^^ 

y<f^nnT;tt\v),s{2''))). 

As before by ( I7.3p we have 

/xf (f(7;™|?+'(t;),^(2^))) < (i3+(l,l,2^'^+'"(^)+^2'=+i)) 

Also, by the finite energy property, changing the configuration in Sj^+^{v), 
we can obtain 

/^f (r'(W,i;Tj?(t;))) < cf/if (i3+(2,i,i,2-(^)+^3+5)) 

where > depends only on j^. Thus, we have for £ > 2, 
(13.7) 

fif{n{v, S{2''))) <C7io2-'=+^'3+"^('^)+6 
For £ = 1, we just use fl7.2l) to obtain 

(13.8) fif{n{v,S{2'))) < C*fif{£2{2')) < CfCs2-' 

Thus, from fll3.7p and (113. 8p we have 

dcx>(«,S(2'=)':)<2J3+5 ° 
0<ul<u2 

for some constant C5 > depending only on js, rj and eo- The right hand side 
of the above inequality converges to zero uniformly in k as h ^ hc{T). □ 
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Theorem 13.6 (cf. [II] Theorem 4). For 6 > 0, let 

(13.9) Lo{S) := min |n > 1 : nVcr(^(0, S{n))) > ^| . 

Then there exist positive constants C42, C43, depending on C(l), ji, and eo, 
such that for every smaU S > 0, we have 

(13.10) < < 
and 

(13.11) < ^'";+;-^°> < c«. 

Further, for every pair < ei, £2 < £^0, we have 

(13.12) L{h,6i) - L{h,62) ash^hc{T). 

Proof. The proof goes parallel to the proof of Theorem 4 in [H]. Since the 
argument is the same we prove only fll3.10p . By the definition of L{h,eo), 
and the fact that < eo < |C'(1), we can see that 

\fi^{A+iLih,Eo),meo))) - fi^,{A+iLih,Eo),Lih,Eo)))\ > ^0(1). 

if we take sufficiently large. By Corollary 18. 6[ 
1 . rWh-hr 



2 



v€S{L{h,£o)) 

+ Ci,fi^{A+iLih,Eo),Lih,Eo))) 
"~'^'C^19<^C(1), 



then we have 

|C(1)< r^tt^jcis f^fHv,S{L{h,Eo))))]. 

Let k be the integer such that 2^ < L(h,Eo) < 2'^"'"-^ and a = L{h,Eo) — 2^. 
Then we have 

^(L(/i,eo))c U ^(ax,2'=). 

xe{-i,+i}^ 
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If f G S{ax, 2^) for some x G { — 1, +1}^, then 

n{v,S{L{h,eo)) C T{v,S{ax,2'')), 
and by translation invariance together with Lemma 15.61 we have 

fi^{niv,SiLih,eo))))<Kfi^{niv-ax,Si2''))). 
Therefore we have 

J2 f^r{^iv,SiLih,So))))<AK J2 f^f{^iv,Si2'))). 

v£S(Lih,eo)) veS{2'') 

Choose an e > such that iCisKe < C(l)/8. By Lemma ri3.5[ we can find 
61,62 > such that if 1 — k, < 61 and \h — < 62, then 



DeS{2'=)\S{K2*) 



Thus we have 

1 . ,.\h-h 
4 



t>65(K2'=) 

By Lemma [1 3. H the right hand side is not more than 

(13.13) Cf^-^^^m eo) Vc^ (^^(O, Sim ^0)))) , 
where Cf > depends on ji,ri and Eq. Therefore 

Cf (^^^) ' < L{h,eor^i^MO,S{L{h,eo)))), 

as — )■ cxD, where Cf > depends only on ji, rj and sq. This means that 

(13.14) Lof^i^l <L{h,eo). 



c*Kr 

On the other hand by Lemma [9.1^ for 2^'^^^ < 2^ < 2^ < L{h,6Q), we have 
< C24 f 2-^(^-^-) + \tlMc2'^i+^'>e-"''^" 

- 24 I 
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Take Li < L2 < L[h, Eq) and j, i with 

2^"^ <Li< 2^ 2^-^ <L2< 2^ 

Then by Lemmas 15.31 15.61 and 113. for < t < 1 and for v G S{2^~'^), we 
have 

/zf (fi(.;,5(2^))) > C40 (^) /i^(fi(0,5(2^))) 



>C4o /i^(A(0,5(2^))) 

>^^4o Q)cr^i^-V^(r(o,5(2^-^))) 



Thus we have 



(13.15) C73#^y^(L0VcT(fi(O, ^(Li))) 

- V 

where we put C* = 2-^C4o{j)C{^K-\ Letting — )■ 00, we obtain that 

< C24 (2^('-^') + t_M25a+i)e-"2^^^^^ . 

We show that the second term in the right hand side of the above inequahty 
is small compared with the left hand side. Indeed, by Lemma ESI and letting 
N ^ 00, we have 

for every n > 2^^. Hence we can find an integer no such that for all n >no, 

H^,{n{0, S{n))) >2"^nV"". 
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If no < Li < L2 < L{h, So), then from ffTXT^ . 

(13.16) C*^-^^{L,r^^^,{n{0,S{L,))) < ' , 

where we put Cf = Cf /{2^+'^C24). We set 

Li = Lq and L2 = L{h, Eq) 

in (113. 16p . By definition of Lo{6), the left hand side of (113. 16p is not less 
than Cfcf. Hence we have 



act (^) 



c 

< 1, 



which is equivalent to 



(13.17) L{Keo) < [Cfctr^'^Lo {^^^) ■ 

By ffmi|) and ffm7|) . 

^(^,-o)xLo(i^). 

Finally, we shall show that Lq{5) x Lo((C*)^^5) as 5 — > 0. We can 
assume that Cf > 1; otherwise we replace 6 with {Cf)^^6. Note that Lq{6) 
is non-increasing in 6. So, the inequality Lq{6) < Lo((C*)^^5) follows. For 
the other direction, note that 



Lo{{C*)-'6)<L{h,eo) if 5 > 



\h — hr 



KT 

We choose an h such that 

\h — hc\ S 

6 > > -. 

- KT - 2 

If we set 

L, = Loi5)i<Lo{iC*)-'5)) and L2 = L{h,eo) 
in (113. 16p . then we have 



% < Q*^^(^o(5))V^(fi(0,^(Lo(5)))) < (- 
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2 



This shows that 

L{h,eo) ^ / 2 ^'/^ 



which is equivalent to 



L{h,eo)<US) 
Combining the above inequahties, we have 

-f I Lo{{C*)-'6) < L,{S) < LoiiCfr'S). 

This completes the proof of flTXTU]) and ([TXTT]) . As for ffTXT^ . all the 
constants change depending on Si in place of Eq. But we have 

C,2{e.) < < CM)- 

as above for each i = 1,2. Since Lq does not depend on the choice of Si, this 
proves (nJJ2^ . □ 
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